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ABSTRACT • ' ' 

The* purpose -of this project is to t 
understanding of mathematics at grades sefven throug 
use of science experiments. Previous 'knowledge *of s 
of students or teachers is .not necessary. Lists of 
are found at the beginning of this volume.. It is st 
that, the teacher /try but each experiment 'before, it 
Tte .experiments in part one involve basic measure^ 
mass> 'time # and .tempetajbure.* The* material- can Be co 
four weeks. Inpluded in' the teacher *s Commentary ar 
information/ discussion of activities a'nd exercises 
problems- . (RH)^ „ . . *. %t -'je ' 



each learning and 
h nine 4 through^ the 
cience on' the part „ 
needed* equipment 
tongly .recommended, 4 
is done in class. ' 
nts of length, 
vered ill three or 
e background, 
, and answers to 
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*\materia!isnot"Yvailgtble from other sources. 

* to' obtain the best "copy available* Nevertheless, items of m.arginal 

* reproducibility are -often encountered and this affects the quality. 

* of the microfiche and hardcopy repfoductidtis ERIC make^\ava^ilable ' 

cti'o it < Se f rVfd4^ tos) "/Mis Is ™>t u " ' 



* via, tjie ERIC Document , Reproduction 

* tesppnsible for the.* quality of the original hocument, Reproductions 

* supplied by EDRS^a're the best that*,can be maile frofc the original. 
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.FOREWARD 



. During" ^.th-e summer of 1963; a group of fifteen mathematicians, scientists, 
ancL teachers, , working under the auspices of^the School Mathematics Study Group/ 
.prepared (experimental te^^)0@units whic.h* explored the feasibility* of develop- 
ing sqme of the basijc, concepts of mathematics through simple, 'but significant, > k ' 
physical science experiments. These .units were tested in-representative class- 
rooms in a number of centers over the ^Duntry during the following school year. r . • 

* In the summer of 196^, revisions were made on the basis of the results of these 
trials . „ i3 

i 

. The purpose of this project was to see if the learning and Anders tending 

of mathematics at the grade levels seven through^j^ne could be improved through 

• * • * * 

the~uSejbf the approach through science experiments. The results *of the pre- 
H •• - 

°,liminary tests were. quite encouraging. The students found the experiments 

» fascinating and learned the ^elated mathematical principles quickly and easily. 

0 Majiy- suggestion,/ for chang.es were made, by teachers' on th,e basis of the reactions ^ 

of thjjir students.* These suggestions were incorporated .^nto, this revision 

wherever possible. . ■ . ' i • * 

• . It should be ntftecl that these units areata- ,be used in the mathematics ° * , * 

^ ^ classrqom and that they are primarily designed to teach mathematical concepts 
rather than those of science^ It is true that the procedures and principj.es 
of science included are souni 'and correct within the framework in which t>hey . " 
, <, fire used. The Experience in science which the student will gain from* the, study 
\i * of these units will no doubt Be useful in subsequent courses 1 in the physical 

. 0 sciences, £ut the main'purposes of'"the units are to teach mathematics. ^ * ^ 

V . 1 • • •. * . 

* , Previous knowledge of science on the part of students or teachers is not- , r , 

, necessary, although any kncr^lecKe which they might have in this f£eld will be ■ 
s useful* ,The experimental procedures, are clearly described.,. Lists of needed • ** 

/^yy^eqUipnexrb. will .be -founds aVtne; beginning of, this volume..* Many substitutions , 9 o 0 

*" * » . ' * * / 4* . * . ' * * " ■ ^ " Jl * ' "V^-*.? 

„ . are possible in .these ,lists since the experimental equipment isr not at all 4, y * m ' 9 
j • ^ . ^ s ^* \ i * * ' >^ ' ' * 4 ) * * »v 

"cJitipal. The teacher is* Earned, however, that ther'e is a natural pervers ity ^ 

^ -in experimental workv It is strongly recommended that the teacher try tgirV* . 

^ t each experiment be^ofre it is done by the class, particularly* if equipment , ^ 

' substitutions must; be made'. « • . ^ . <, < t - • ^ , « ; 

I . - ^' \ / - ' • * - • ?" 

The! experiment^ in this .volume Involve basic measurements of length, mass, ♦ 1 

V|. . v time ' and]' tempera'tuije.* Though most* o^ v the '^experprien,^s' 'wi 11 'be described i,n^ 1 




items' of the metric System "of measurement, British units are not ignored/ 11? 

is, assumed that these experiments can he done in the mathematics classroom. , # 

Some will*be done by all of the students .working in small groups, and some^ 

-will have 'to be demons trat*6ns done, by the .teacher, / * I* "' * 

< r 9 * 

The use of the data cdJUected is an important aspect of each experiment. 

These data will be .measuf em&ats ( which can be !gr£phed on a single number line 

* or on £ 5gt~of rectangular .coordinates.' This 'leads, in* a 'completely natural, 

way, to the mathematical concepts^of approximation, units of measurement* in- 

.e^ia^yes/ functions, .and graphing. The fitting of a line to the, graph of 



Ui^S*'. theuexp^imeiatal data leads £o the general concept of lines and the slope* and 
f?*- * t> '* equation of lines * ^ . 

^^Th£ material in this textbook can/ ^ covered' in a three irfour week; /♦/ 
period. The teacher can best decide at what time of the course*! ts use'might *J£" 
f ',J* }>e most appropriate. These units supplement, but do n** replace, whatever.^ 

mathematics boSk is in "regular use in the classroom, ik may,' however, be ibos^ * 

ft . , U 

sible to omit some sections of the regular textbook if the teacher reels that 
* * • * * ** .% - ' 

the treatment of the topics in this text, is sufficient, . ' . v - ** , 
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Parti , . J " - * ^ 



' . * ^Sources' for eguipment in the following experiments are indicated "below 
tencb^re codded At the right of each item.- 

~ fe **Cl) Scientific supply (i.e., Cenco or/Welch, etc*) 



>'{«)_ Hardware store 
- £31 "^"Stationery store * 
*T^r Variety store • 
% (5)" \HonEp--- p 



, . Chapter 1 > ' - * , . % 

,. : , ♦ INTRODUCTION "TO "MEASUREMENT 

, . i 1. Properties of Order Experiment - Teacher Demonstration 

' * • ^ 1 meter stick (l) or yard stick (2) * ' , . 

^ 7 1 triangular file (5 in.)! extra slim taper - (2) or 1 knitting needle , ** 

I 1 . . • ^2 *25 hinder clamps - (J). . * " . *' 

v **" i paper clip, spring-type ^Hunt Brand # (3) >7 . - % «v 

* Ihox *l."Gem fl paper clips (3). i . - ,* , %' . ' V' 

J f . ' - • " ■ 2rubher hands f3) ' ' - - \ •■ " , • * • ; 

, /\ "DixjLe" ^>.%6 qz.)-'U} . . - Jr " - - -" I 

K ^ - ' „ 6 4 in 'wooden* dowels (3 1 lengths) (2) ' - * \* 

. r * ^ ^ • ' 4 . . 

" ^Cha^r 2^- /# • "** ' '* ' J " 

*» *' ' % * tENGTH ANO 'THE iRJMB^R LJNE - > ^ ' 4 " ^ 7 . 

-iv Sii Unmarked Stick Experimehjb -j Students are to work individually. m 
^it\\* X \ ^Ch student should have the following equipment. * *~> ^ , • * r . 

"%!;x-V * l ' 1 straight stick (approximately a5") (5) , * f 

2 sheets oT notebook papea* (lin.ed)' y (^) -,\ k . , 

P^ % C' V * ' % 1 sh^Qt of graph paper ('10 squares .per 'inch) (3( ,„ 

" t 4 , *^ * . * v - „ - f.'- 

. "'4 ^ . . ;1- . * . ' * ^ I & for entire class 

fe'v-^- ' ' ^* 1 small roll of masking tape (47. . ( ^ > , / v 

*^mc . n... : • ' ••• • 10 • • . • • ;: „ • * .' j 



% Chapter 3 ' p . 
RELATIONS., FUNCTIONS A$D GRAPHING 



1. Cantilever Experiment^ - Students* are to wirk in groups <JP two. Each* * 
.group should have the f ollowi^g^e^uipmen.^ . 

5 books ,f identical (vith duit jackets-, if possible) . , 

'or 5 wooden boards U" X 8" X 10") ■ „ 

.1 foot ruler, with a metrlc.scale (k) .** 

2. Irregular Bottle * Experiment - Same instructions as f 



as lVj 



1 irregular-shaped bottle (12 fluid .02) (.5) 
1 plastic v £ill bottle (a*pprox*ately 20 cm ) (5) 
1 "Magic Mending" tape, Scotch brand (| X'1296") (M) > 
1 foot rul£r, ; with a» metric scale (k) 
1 *10 can or ligallon water coatainer 



\ . ' * . Chapter t € \ ■ *" 

. r ^, - *~ 

\ . • IJNEAR FUNCTIONS - ;> . 

1. ^ The Coat Hanger Experiment - Students are to work in groups of four. 

Each 'group should have the following equipment. 

* — . * ' • . " ^ ■ 

1 hook weight (100 gram) (l), Cenco No. 98lO 

2 hook weights' (2(fo gram) (l) * 

- 1 hook weight (500 gram) (l) / ♦ * • . , r *- : * 

1 coafe^anger (wire) (5) .J 

1 J 2 paper cl%s, jumbft "Gem" (3) " * ' J 

1 foot " ruler ,%rtth rffetric scale {h) * \'/> 
, . ■ , t - - 4 

2. The loaded Spring - 'Same instructions as 1. 

Sw ' • « 

1 hook weight (lOO gram) (l) * * • * 1 

. # ' .2 hook -weights* (-200 grafii) (l) * • * . / 

"\ 1 hook weight" (5^0 graift) U) . 

.1 spring (2) ' <■ ' . ~ 

* 1 J>enci'l^(unsharpened) a )'> * ' 
• *1 roll Scotch tape (h) * 
. 1 foot ruler, :wl"th metric^scale (k). 

^ . * * v . ,» . 

- 2 Sheets of note paper (3) or (k) 




Chapter 1\ 
MEASUREMENT' 



* Introduction 



.-Chapter 1 is. intended t9 fix in the student 1 ® mind the more obvious facts 
.of measurement, which he has, gained from his life experience thus far and to - 
develop new mathematics fr<5m them. At the^same time questions are raised which 
are intended to "lead the student to a better understanding of the philpsoptfy 
of Measurement and to. a development of the related mathematics. - 



1.2 Measurements , Magnitudes and Units • , 

\ ,» In this chapter the student will probably encounter his first serious * . 
study of measurements. Although he, is sure to have used such phrases as "two ' . 

miles!', "17 seconds", and "30'acres" very often, ^Lt is unlikely ihajt he* will . 
recognise much of the mathematical nature of such concepts. • ^ * K s * ' 

-It t is possible, however, that some of your students will have confused 
44ea of, number and measurement >n their own minds and they cannot sefe any 
-difference between the two. -If so, you, must fjrst clarify these ideas. It will ( 
be necessary to explain resemblances between number grid measurement i< your - 
-students think of them as identical. . ■ - ••▼^ * 

Perhaps the most helpful thing you can do to make the necessary distinc- 
tion is to emphasize the different uses to which numbers; and measurements are 

it* ' The s&dents. may n<pt really know what^ numbers .are, although they can use . 
them well for 'many' purposes . The same can be sai£ for measurements - ^Challenge . 
%£foe student who confuses the' two to describe ' the distance to hisjapraej tlie ? ^ * " * 
lefag^T^ the clas % s period, or the area of the floor in the classroom, by tneahs / 
of a number alone. His inability to do so^sjhiould..convirtce him that measurements _ 
^^"ej^j^e<l^O*^foiiyey .s^eJcinSs^f information that numbers cannot do. 'Cqn- 4 • 
Veusely, measurements "are inappropriate where only "numbers can serve* 

|The dfstincC&cm bebvfeen nunfcer and }measurem^&^'<»an be made a bit sharper ; 
v by ./turning ^attention to prqcedures, of measurement. Tfie students' already kiysw 
'.something about tKese procedures. The t£rm measurement can t>e .given, cxaide . * 
intuitive meaning as* "the result of a measuring'" process " «*Tt may 'be that 'the * 
students already.us-e some other term such fas quantity .or amount to mean the^ 

/v ' • ' • rv - . r* •• • ~> " K 

V„ < r . ■ . i# ' ' * : 5 / * * , * "\ " * / \ - 



same thing. 3^ is useful to point out that measurement caiinot "be 'done .by 
pencil ^and paper alone.. It must involve experimentation with* actual things 
or events. More' specif ically,. the experiment is afi jact of comparison of two 
tatjtftectff* or" "events requiring a careful set of instructions' fox* its performance. 
It is unlikely £hat your students will appreciate how detailed those instruct- 3. 
tions must^be. Sections 1.10, 37.11 and 1.12 wilLleacL themi through the nec-~ 
essary; steps for length measuremey t „ , Other measurements are determined "by. 
experiments with still different" sets pf .instructions A strong general im- 
^ • t Presston snould be, left _w>th the students /thaTmeasurCTeg^^iiQt be done.— .^J 
strictly within the framework oT'niathematics "But involves ssience as. well. 
♦ • • • , 

- It is conceivable that, some -students will have ^thought ^eply enough at 

- this stage to ask the following quesftlof^; ""If* lengths are not numbers, just t 

exactly what are they?" This ia the type of question the authors of the. text, 

' have dealt with and have attempted to answer with' the help of the^students and 

their teachers. It is ho^ed. that- the^s'tudent wflj b^vable to* arrive at h±s 

t " " own understanding of measurement at th^conclusion of this course. 

'* ,. * « 

, -?° r the teac & er > however, knowledge B^t a deepe*$ level |s .desirable.* The >\ 

. following explan^tiory outlines a Suitable answer to $he question, "What is a$ 

^length?" ' * - ' /' 

* ' A length of seven feet , we must agree at first, is not a particular 

■ physical object.* It cannot be seen or put on display. We can perceive with ' 

'--**> • ' * 

> ^ our ^enses a sevens fopt bed, a seven-foot oar, or a seven- foot fishing rod v - 

Seyen feet itself, whatever it^gay be, eludes the senses completely. Length/* 

as opposed to cfbjects "having length, has a Very general or abstract character. 

' A length of se\en feet i^^^pr^erty that is shared. by all seven- foo£ beds, 

all seven foot (oars ^all seven- foot fishing rods, certain, tall basketball 

fevi-' " stfers and 'many otffer objects besides. 

W^;c-* ' — • / ; y * • * 

^ . things we Ijave just listed have a useful characteristic:* an£ two 

. ~ of them are equally long/. as can be shown. by comparing than to see if one' 

. ^ v ^laps the other when placed side^M&ig^ claim for a certain bed and ;<^~ - v 
'* a ".cerW oar kbS&' V V t **** ' ^f^^ ... f ' . 

*t * r~~"v£- ^ »? bed, is as Jong as oar • ^ (A) 

if!? • a statement *whose ' truth or falsit^ can be decided by experimental means. 1 ' f!^ 

In some respects statement {A) is like a statement of equality. We coulcS 
'^ abbreviate it ^as follows ■ . /' 4 ^ • 

" ' 1 - • /bed ^ oar. " ' V ' - -*>(B). 

The basic assertion Jlfe by (A) *pr (B) ife that beds^nd oar are indistinguish^ 

» , • / * • »-,*■♦ 

atle as far length is concerned . In contrast, "the statement ' 



,3V 



- . bed = oar ' + ; # (c) 

" • / ' * • I 

claims, that "bed ,aiuLpar fire the same object. It is cleanly false Too much 

emphasis cannot be, placed on correct use of the symbol.- * To. assert that 

A = B is to that 4 and B are names for the same object — nothing more. 



^ " The: relations =r*and = , though different in ^meaning, share threVimpQr- 

^^S . , tant iharaeteristics. ,We name and.describe them below*ih terras 'of & . "** 

f^ ;l ; . *" * V' ' ' v 

* ■ Reflexive property : \ x =• x for all objects x in the set. % <% 

~ "* \ Symmetric property : i If x = y, then y = x. ' . »' » ^ 

Transitive property : If x = y, and y = z, then x = z-/-' 

You should satisfy; yourself before proceeding _ further that these three stis^e- 
r ments are' true for, the relation = . * 

. - ' " 

Many relations between objects in, a set have these three properties* 
• - * " i - i • • * 0 ' - - , ' • • 

They are so numerous that the special name, equivalence relation 3 is used to 



/ 



. classify them. It will be instructive to verify that of the six examples 

• ^ ' * • / , 1 0 
below, *these first three are equivalence relations, and the^ last three are not. 

, ■* ' <* / 

\(l) = 7 for the -objects- in any set. — W~ r< - v ♦ : 

.(2*) ."lives in the same 'state as", for the "set of U.S. resides. t * 

(3) "has the satoe mother as", for' the, set of* all students in yojxr school* 

« ' t 4 

(10 "is perpendicular ,t.o",. for the set of §11* lines in a plane. „ 

.'• (5) "is the sister of", for' the set o£ daughters 'of two given parents. 

* * m • * 1 

(6) "lives within 200 miles o£", for the set.-.of all California residents. 
' ♦ «-»'<? ' - —~ 

* ' ~* ' * 

Ihe idea of equivalence relation leads naturally to that of equivalence 

class . (Equivalence set would be just^as §ood a term.) By the length - equiv- 
alence class containing the' severe-foot bed previously mentioned we mean the 

set of all objects that^are precisely as long as the bed. 1% obviously con- 

* " * .* • 

tains much more than what w"e have chojsen to list, ,but we would "fee inclined to . / 

♦ r. * " ' 

say that every element i'n.^he class 'had a length of seven feet. 

* In a *similax^way ve can contemplate y.olume^.equiy^alence jctesees, ja&ss ^ — . # 
- ^equi^&leiace classes, time equivalence classes, and so on. Each equivalence 
w^t^,?ci^sl lift de£ihed drr terms of an equivalence relation arising from a comparison 



L is^fe are no:w .prepared to say precisely /what we mean by seven feet . It 1 is 

• - T. / y . • , :r x - • . % 

' exactly thett equivalence class containing all objects exactly as long as our . 



(sevenj^tfqt) bed. By framing the definition in this strange way we succeed in 
^ \ making W concept "aeven feet" refer to all objects seven feet long.' We also 



settle clearly £ny question about whether* length exists apart from the process; 

of measurement . *In this view every object has a unique length (namely,, the , 
Equivalence class to whiqh it belongs) even before we measure it. Finally, , 
. it is clear what we must be claiming .when we assert equality of lengths.. To 

say that " ' • { . • 

. 7 feet's gk inches ^ n , * ' ' - 

megns exactly -what we wash the = si&n always to say: that 7 feet and 8k inches*/ 
. / ., * t 

are names for^the same,, thing, our much discuss.ed \equivalenee 'class . containing. . 
' the- bed,* * 

- m If this concept of length seems bizferre, it should be p6inted out that 

not satisfactory explanation of what numbers are is any less -intricate, and " 

/that the counting numbers can be defined satisfactorily" only iri" terms of 

/ 

equivalence classes. * 
•* -~ ' « 

* L 

It might be best to not introduce the symbol = to your classes'- The 
degree o£ abstraction involved* is rather high for students at. this grajde level, 
xou can, however, poijit* out ;that whxle^bed, = oar is clearly incorrect, i?e_ carf * 
write (length) bed = (length) oar "and still maintain our traditional meaning 
/-for the equality. 1 ' v v • 

Lengths (as well as .other measurements) are extremely number -"like/" -The^r , 
can be added , in a sense of addition exrila^ined in Section 1.6, and they have .' . 
order pro pert ies* as" shown in Section 1.12- They can also be. multiplied -by 
numbers. These traits account for their* frequent confusion with numbers 
thems.elVes. 0 * * > £0^^' 

In Section 1.1, 7 'feet is" called a measurement (more specifically a 

.length). 7 is termed a measure corresponding to the *unit feet (or foot, if 
-i ™~ • * , * -»/ 

' .you will). It may help the teacher to be'avare that, the" unit feet is, itself 

$ length and that the multiplication by 7 which s|ems to be indicated in the 

\ symbol 7 feet is, not familiar multiplication of number by -number* 'but a new 

variety _of multiplication of ^number by length . Its explanation »appeaus in 

t 



Section 1.6. 




f. 



§4? 



„ JP|.ck out *the Measures and the units in each Of the; following measurements* 
I What might ea*ch measure? " " ? , - , * # . ' * 



..(a) 
0?) 
(c) 



Measurement 
&: acres . 
.760 yards 
t 27 lhs/in 2 
IX f atjioms 



Measure 
.8 * 
760. 
27 
' 11 ' 



Unit 
acre 
" yarcf 
*' lhs/in 2 
fathoms 



Measurement of. 



0 . . . a field ' . 

distance "between two houses 
* ) 
* <.'pressur§* jLn a tire * *" 
'••**.,*• • 

water depth - • * 



ft 



Of eourse,. the fourth column contains only PQ'ssible^suggestions^ Students 
should ^cerae up with a^ wide variety of responses. It would, be yell wor^th- 



while to discuss the practicality of th°ir respQns^s,*^'^ ^' ^ 

3tub were filled "by emptying a gallon* bucfeg £htp... it .30 times, 



' If aT 

-rvhat would be t&e^ 

/„. _ 

^the unit? ♦ 



>lwme*of the bathtub? What* is the measure? What is 



i ' * « . " volume, 30 gallons "s * r '* * . » 

measure, 30 ^ * .- w ,'. 

unit, gallon i 

The bathtub ^f Problem 2 is filled "by using a quart container* rather than 4 

a gallon "bucket. "feO^allons = 120 quarts) 

*» * 
(a)* Doqs the -volume remain the same? Yes 

• (b) Is the measurement the same? Yes 

(c) What is .the measure? » 120 
# - *, 

• (d) What is the unit? .J ' Quart - ' 

Ohan^e eactf* of the following measurement s, to an equal measurement having 
/ \ .' I* * ' . • • - * 

»;;*a£*di*fferent measure and unit. 



-ft: 




=** 180 secotf 



Htf^k-.-/;;- (-a)r 3 minutes 



tfefv 'fa)" U r yards . \ = li^feet ='lUU inches, etc. 
3gB&.ly3 ^ Me^slremen^ ' 

'f^V\^ * lri»Sect±ori"l."2 of the student text it is stated that measurement's, a 
•4»./, process " o^an^ring;'some jjbject'or event to he measured -with afi. appropriate 



^"^^0 ton ^ etc - 



yard =*12§6 square, inches, etc* s 



, Tin 



- r 9 v 




" 7 



. 'unit of our^cfoice. The authors feel that this, definition. should be brought 
§|V into the discussion frequently until it seems to be 'understood and accepted 
^>-:. • hy the students. Also, you should point out to your students that measurement 
$1 „ J .involves some physical activity, i .e. /.experimentation. It* might be helpful 
Vto have the students describe the physical activity that various measurements 
, require, such as * 

^ /' . "weighing" an object ^ ^ < « 

^ • % "operating" a stop watch ' * 

"using" a. protractor " r . • 

."pacing off v a field: • ^ ' 

The text gives two examples of ^mathematical models- The construction*of 
a, mathematical model depends so much upon the individual situation that it is 
virtually impossible to give a comprehensive definition,, but the following 
s^teps are usually involved: 

The first* 'step in the construction of a mat^ematical^m^e|. 
decide on. the exact nature of the 'problem to be solved . 




terpret the physical situation in terms of numbers \>r mathematical 
relations . + - y ^ . 

Use. yqur\£ncwl'edge of mathematics to derive the needed mathematical 
information^ 



k. Predict the physrg^.. situation in light of th ^mathematical informa 
tion. 

'■ 1 - < 

The following examines may contribute to your understanding of iirathematical 
models / .You may find some of them useful in presenting this mstterial^to your' 
students. , '> ^ - 

-Example 1. . 

At certain -stores, where'th^ere is a problem of knowing which customer 
should be swerved next* tj|e customers might be asked td take their place in 
line, as. &'t a ticket mildew, to assure being served in* turn ^ A common method** 
of handling such a problem in a more comfortable way is to issue a number to 
each customer' as. he comes in the store. ^ Numbers will be issued in ^successive ^ 
orxLer. The .merchant has thereby constructed a mathematical model c^f the qpeue".. 
From this model he can make use of mathematics to determine several things I % 



4 



RIC 



48 



10 



Jr. 




jbqm^rs have been served; * r - 

\(2) ' Which- customer is next to be served; 
" (3) Ho* many customers are waiting (by subtracting 'the number of 
the custpmer being- served from the next number* to be issued). 

* L 

Example 2. 4 ' « 

.we, wish to determine the number of tiles needed to cover a hallway, 
'we c$n employ a mathematical model' of the hallway. Wp can make measurements 
of thte hallways - We can now use our knowledge of mathematics^ to compute the 
area of the TrailVay, tne/area of a Single % tile, and .then, the number of tiles 
needed to cover the fh.oor.. 4 , * 

Example 3*/ •. 

A studeri^ might have a mathematical modef~o£ hfs^fether which would ^give 
him -the necessary information needed when buying clothing for his father* 
The model^might be as follews; 1 ; 



Hat size 
Neck size 
Chest size 
Sleeve length 
Waist 
Ins earn 
Shoe 



7 1 , 

16, A , 

36" 



= .i'32 • 

= > 11 



t 



, Exercise >2 y ' ' * 

.. ~ ^ . - • , 

These t questions are designed to provoke cjass discussion* The following are , 
' ^nly suggestions and^ your students should make many more. t 

. 1* How would you find the*- length of your *^ehool. building? * /' 

Answer: Pace it of<£, use hand span, cubit measure (elbow to fingertips)., 

* ^ measuring stick or tape* . ■ * \7 

* ; '' • ' ' ' * ^ ' 

2*' \Wh2t are several ways of timing a 1 50 yard rac,e? * ; * " ^ 

..Answer-; Coun^slowly (££>r seconds), pulse beats, liiarching cadence, 

stop watch r, ■ ■ 

, . . ] - '# ■ * ~ * 

How. could you weigh yourself ;if no scales were available? ( m 

Answer: ^-Get on a seesaw with someone who knows his weight, have, 



I 1ERJC - v 



a strong friend -lift you and estimabe^youi' weight. 

" - • v : -'- : •'- '•' s 



How cpuld you compare the areas pf two -table tops if you had no ruler? 
Answer:*. Cover, with ^ook^ and count, the, "books, cbver with notebook paper 
, * .* *§hd count .sheets. For -a more accurate measure, use 3X5 note 
* cards. * • *. * 4 * * ' * . .• 



;\„ f l-*k - 1.5 Measurement of , Length : . Idea^ of Accuracy 

" * - ^e;- principal ideas in this section >are that. aOJL measurements of length 
are, to some exten^' crude and that ouf choice of unit depends on hfcw crude or 
ho,w.fine,a measurement, we wish. 

„ " . - ' v * ^Exercise 3 1 

1. Suggest suita^&e units for the following measurements . 

- - • a -. ■'•-;„ • • r - . . 

10.ft, r 50 ft, 100. ft, 1000 ft; mile 
.'Toot, in.ch, l/2 inch 
fathoms,* feet, miles 



(a) the- altitude of 'an airplane; 

(b) w-"the length o.f •& car;" 

(c) the djspth ofltfte ocean* 

(d) the width of a window' frame; 

(e) the .width of a door frame; ' 

(f) . the height "of a truck; 



inch, l/2 inch, l/k ihctf" 
, inch,. l/2;inch, l/h t inch 
foot, inch, l/2 inch * 



2. What unit of measure wojUld be Acceptable when measuring th e- width ,of a 



window for drape rods? 

i * > x ' 

3- What unit of measure 
.. window to fit glass 

h. t What statement cone 
' your answers to ttf 
£ends on the amount, of 




:ptaoj,e when measuring the width of a 



ng choice of .units of measurements is ^demonstrated 
questions. above? * Size of unit .chosen de- 

error we are prepared to ignor'e. 



^1.6 Addition of Lengths 
-» . * 

Knowing that lengths are equivalence clashes, *the teacher ,may wish to 
interpret length addition as equivalence class addition ..for his* Qr. her own 



benefit. 



'To form the sum of two equivalence classes, we select any element from the 
^flrst'^nd any element frcm^tjie^ second , and lay them end k to end on. a straight v ^ , 
line with no overlap*. • (That is, we perform still a third kind. of physical \ ^ > 
addition 6f "objects.) The n^wly formed object has a length, or equivalence • 



12 



20 



2§£ 



^^ cjasg to, vhijch»it belongs* This third equivalence class is d.efineSU$6 Jbe the 
^° the- twq given equiyaleijce classes. < ^ * * ' 

I , . , Muitipl^cffftcar^of length by a^ counting number can nok be defined by rl- 

actions as described in the text* Multiplication o£ lengths by. other 
f§i$?^&^^ is deferred to Chapter 2. * 



Exercise U 



"J 



3§V V - ^ is the, total length in the following figurgs?^ 



/> 1 



Ma 



(a) rrr i a i^TT 



(b)^ | "B | S'l B~" 
Cc) | A | A |. g 



«f8Bi- 



' B 



(2A +'3'B) 




Whgt^is the perimeter _ of each of. the following, figures 




" ■■'wM 



m$***r- ^ Herfe the llkguage Bx^^^td^U^^^^^M^ introduced Tor nam- - - r;\ 
".2! „ ^;"bers l .. These facts ar*. or general valmin»a-nia,the&atiaal Muca^tipn. The . , - 




■^SS:^ " — JJse the symbols,/ 1 <a! r > ,,# > n , to make, a, true statements each 

• ,\* 'of the following pa^rs of rtiAibers* * • • . /- 



':• ^UK-l- < 6 
5 < 10 
:'(.c). 16 = 16 
> ($-*3*8 
, ' (e) & > 11 



(f) 
•(g) 
(h) 

w 



2 < 7 
9 > t 

| = -25 

' 33 ^ 3, 
•35 ¥ • 



9, 



.-Hag 



'7l>? a. Cannot ,be related without fei^i 
* knowing the value of a, ' • ; f% 



1*8 ^ Morfi o^ Inequalities 

The truth table is a device used by mathem&ti4ians to test the validity « JjZ 

of a mathematical, statement. In the student text we have discussed the use t . J 

^of. the conjtqictions "and 11 eSid*"or" in joining two parts of a mathematical ^ ^ 



" statement. Such s.tatemerits may be represented, symbolically by usiiig the' - , v ' 
.symbol 'J for "or ir and the symbol .^A "* for ,f and fl v The distinguishing ;r^J 
_ ^ ^ feature of a rfathematicaX^ ,&uch as j? < 3 r is t^at it is either n 

^P#&W^or "falser " T ^ \v^# 

v. . ( A compound statement^ formisd by, combining ^wo or more simple statements; \+ 
" ' * ' made up of parts A and B and joined by 'the cpnjunc- % ^ ~% 

w . , , B. 05wfre>are f6ur possible "v! 



. A. symbolic statement 
M^^. tipn^^ouldlook 



xffembf nations oY a two-part mathematical statement. 



e validity of the ^ \ ' ; 



compound statement is\ dependent upon the validity of each of the? simple 
statement^. .-The compound statement A \f B. is true or false as, shown in , -.4^4 

>/;«:'.'•; &z$&rj:-? - ^>v. - \- . .• • . » - - • -' ; u ad 



S3 O ^i* -1:' c,K?v 



22 



it 




r 



' V'v-' **vtV 



4, 




. " B *' ' ' 








T 








F ' 






F ' 


t' • 


? 


* • 


• F' 




F • 



/»*The; truth .table associated with a compound statement using the conjiinc- 
J tipn ;Mf and" follows this pattern: 










T 

A 


• B * 
— * r 


aAb" 

T 




* ♦ » * • 




c 

T ' i 


T 

, « ; P 




' T 

\ .F , 








* -F *. 




- ' f , 










F 


- * " F . * 



^ * Statement A — Mary is ,a girl% 



tlf^ ; " -.Statement' B t — John is a girl. 

s Cpmppund statement:^ Mary is a^girl or John is a gi£I«*> 



■ - 

< v.; -^n 






•a • B 






W ; ': 








MSi-' ^ . ^h^ compound, statement is true. Notice that the ,! or" used in 



#S^v^fl^ Bewrite' each pair, of inequalities below so thai/ tftey'are in^the same >#.^ .-.^J 



I . s . , v sense., ( Write them as overlapping inequalities whenever possible 




■ . ' ' . : . ".'<• ., i ,- * ■ . 




15 




ash 1 **-* - 



2.* 



'(f) a < c, a>< d ^ , * . ** * 

: n ^m, V .< li'theretore^.ji, < m..<„X ^ . ^ 

(h) p < 9, t <* . J . 

(i) 7 < 16, U < 7;' therefore/ ^ < 7' < l6 ' - 
<j) e •< d; t <**c , ■ > 

What can be said, of two numbers, a andfb, if we knoy that a < : b an& 
also, a >. b? Exp3.ain your reasoning carefully. 

Given a <b so a <b or,a = b, and •* , 

•' * a >t so a >b or a =V \ *. 

to say a < b and a > "ft is a contradiction; therefore, * 
a 



f ■ 



Complete the' following table by indicating in the proper space whether 
feacjf part is true or false and whetner^ the compound statement is true 
pr fetish. (Last^hree columns are blank in. students 1 text-) 





Statement A, 
* • * i 


Con3i|iction • 


Statement B 


A 


B 


Compound ' 
Statement 


^ - i 


Example: ' 5 < j& * 


•and 


-r? — 

U < 5 * • " 


*F 

9 


T 


* • F k< 




*> (aUr5 < 3 ' ^ 


" "or 


4 < 5 


i 


1 T ' 


T 




(b) 17 > 32 


' ( and^ • 


7 > 6 


F 


T ' 


' - F- ' % 


> 


. < (e)(5-l)Xja*2) 


--or . 


. (f) > 


■ F 


F 


« 






or 


•.72<5r. 


T * 


F 


T ; *' * 




. % (?) ,17 > 9 m 


# and ' 




T 


T 


T / • , 



if. Complete the following table by separating the ^compound statements into 
two parts. Tell whether each part^ i^true or false^ determine the con**- 
junction which is indicated, and tell whether. the compound statement is 
v tme >or false. .-' 2 



Compound 
. Statement - • 


Statement A, 


Con 4- 


[ j i 
Statement B 


A 


' B \ 


Compound 
Statement 




• • ,'' 
Example: 3 '< 5 


' 3 <.«►-..• 


•*.and 


* ^ < 5 . 


T 




T 








or 


5 


P' 


F 

? 


• T- 




(bj "3 > 2> k 


' 3 >2-' -. 


and** ' 




. T 


,F - 




'(c); 6^<6 


" 2§ > 2.373" 


> • or * 
or. - 


^ 6 6 . 


, F ' 
F 


T 

: t % 


/ T 
T 




U) M > 3o to 
ve; 2a- 51 ^9 

o 


22 ; 


4 and. ; 


. 51 25 „ 


T 


T 


1 T 


Vv 



Lowest common denominator for ,(e) is 2 X3»K 11 X l"f X.&3- 



16- 



24 



ite'f^ ;.. ^ ••• • • • .• t • 4 .~ • - 

: $$*B* : ;Ahswer true or false for each of the? fol!oving\ » . „ v 

M|f:^r; (a)- 5 < 5 < 6 A ..- r ^!Erue • / . ' : . * , ' t"> 

jB£ : y-0>> -^<6. - mse- ' • . 

'M&h - " "( c ) 5 < 5-< 6" ' .True ' /' * a* 

J^^r-fah ^^<6 ■ False . ! . ' , ' • . ' . .• / 

' \ . 

V < * ■ • - * # . - \y 

\ ' Unequal Lengths • ' ! \ 3 - ' ; 

IS?-'^ ~~ * • **m> s \ 

fk Although unequal numbers were not . defined in the preceding sections^ 

# " v.v. * / ' 

^ unequal lengths are carefully defined in the present one. Notice thfet the ' t \ 

f i * - ^ - ' . ' 

definition depends on the prior definition of addition for lengtha, and in no * 

< ' • v - . . ~ — r *-» < s> . «r ~ " ' v ^*" 

fg^^ va^* invo^v^s' reference to numbers. ■• • v 

. ; : . * r w ' Exerpise 7* , 

1. For lengths U, V and W, write in words the following statements. 



'^f:Vl. ' (?) 4 u < V (length).U is less than (length)V and ' ; - 1 * ^ 

W^rl v : (length) V is less than -(length) W . 



ffk (b)w U '<V - : (length)-U -is less 'than or -equal to (length) V, " 

fe>^. ~ * (c) . U < V < W \' T ' (length) \j is less than or .equal to- .(length) V and 



^. ^/{length), V,J.s"3^ss thaa (length . / ,fN^ 
2. Determine ^which statements, are true and which are false. Give reasons 



It: 

S^^^ii * in each case. • ** x s / ' ^ - w 1 * \v 

ii|KL '/' ( a ) 3-^eet > 39 inches Jalae • ^ [ '..'*' V\ / 

»1?v '"1^ 3 feet = ^6 inches and 36 inches <39 indies * . /'.'.. 

^mSSX v (b) 1*2 inches < « f^t < l^yards * * ' ^ 



' r'Prue^ 

_ yards, ,?: w inches" , M . * i 

(c 4 ) AO inches > 2 feet < 1 yard ^' . • « • .; / 

False . " . ^ * • \ • :\? 




It is true, that 1*0 inches > 2x£eet# 
but 1 yard 'a 3 -feet an^2 *g?t < 3 '^eet 



1 




£ T.10 Measurement and Standard Units : . .A Classroom Experiment 



' m t The experiment described is intended to illuminate the way in which choice* 
\^ ; 0 f unit affects the resulting measure . It also .dramatizes the need for adopt*- 
ihg standard units. In the course of this particular experiment,, however > you 
* should make the students feel that their own units are quite as good as any 

, m ~* . f 

, * x ' i other, possibly a- bit better. In this way you can convey the idea that there 
. is no inherent virtue in standard units such as* yards and.meters- Only con - 
^ venienceqn communication causes us to use' tljem. You may want to personalize 

the students! units. a bit by naming them for. their owners. .Thus "Bob" could- 

be the .name of the length of Bob's st}ck .and .it iould be discovered, for in- 

fi ' ' ' ' ' f i * ^ 

* * stance, that $ <» 

» " ^ -18 BoUs < L*< 19 Bobs.'' \ ' ' 

* V ' . • \ v ' ' ' ' • ' 

• ^ * The following are suggested^answers to the questions raised 'iri\ £he 

/<■ ► # students' tetft.^ * * ♦* - t . " " * * . * 

' S / * * - ' " * \ • ' . 

*.* 1 - X2li, v P u W ^ost likely want to measure *the deilgth „ of a ix>om to the 

•» ^nearest foot. Therefo^/a .stick about 1 foot Idng should be chosen* 

' 2. . The inequality reported py Don _(2$> < d- < 31 )' indicates he did not . 



<A 3 



f v ■ follow' instructions . x 

. • ' ' /" v- V ' * ' .'* ' ' .V' • :. 

. * . .3- .(a) o Bob had 1 the •smaj.les^ttjxmberi of units In his measurement^ there- * m - 

\\ / ' . ';' . ' fore, Ke must have usjgj^ther: largest stjck.- - v - ' * - * v % . 

s ' (t) Frank had the smalles^fktick. r * * ^ • 

- 4. Don and Carla had sticks which were closest to each otner ih length. ^ 

- ' " y 6. .-If everyfjie used the same' size sticjS, all the inequalities should be * 

the same. , * ' t „ -Vu • * . v . - * 

' ■ V ^ ^- " * 4 " ■ ' 

,7*. 'Yes. 4 '* • " , ' W'- \- ' . 

It- J Q • ■ ' - */;VV^A> ' j 

o. X^fe; p'rovided you carried the piece- 'of chalk Wtthv^Oty* . * 

' ~ , You wbw^ >e able'to deserve your, measurement in terms* of a standard ( 

"; r -;. ""' r '%- ■ 

. . 1.11 Standard , Units . \ ' * . * : * , - • 

" You may want to spejid sbme class time, discussing the .Imporfence of having 

standard- size units. In the past, most units- of length w^r.e based on, the human 

cup the hfstgay^of th^ p? 

A), ' - ? 



body. Have some of your students' JLodk -up' the history of the pace 1 , 



the irfch . , the 



i ERjC 

V4S 




vll< \ r For' a vivid demonstration, have.^.-group^of^your students find and '"bring 

to, class, a length of threaded r steel pipe. Another group should "be aoake&to <• • lf 
L 3» i / ->f-- it r ft-:.' ' *t H 

"bring a r- pipe fitting. Show that even though these pieces came from differ- 

B%V-*-*\'- - - < >. . 4 ' ' r ' 1 ,? 

jgk-'^ttt?' places, they will fit together weli. ' • r '% \ * • 

I ■ - ■ ■ - - * 



? & 



,1*^2 Length Measurement and Countings 1 • f / ■ * . -^f^' 

Ihe procedure of length estimation described in this section defends on , t 
carefully formulated concepts of length addition (Section 1.6) and length in- 
equality (Section 1;8) . It will probably "be helpful to use the data collected 
in the experiment on measurement "by substituting numbers in the literal state- 
,,ments given in this section. Teachers testing these materials have suggested^ 
" that the substitution of numbers in tjie literal statements help children to 



understand the generalizations. * ^ j - ^^^^ 



Si-* 



• . ■ *■ ^ 

|g v '* 1.13 Further Properties 'of Order ; The Transitive Property , r " ' ' f ; 

This seqtion and the nex^.are' important "because they extract the prii^ipal . 
* ^mathematical "by-product of our study of measurement, deeper knowledge of order ^ . ] 
properties. , ' ' , - 

S> f v**,' It is a fair assumption that student^ at this level have very weak intui-' 
tive ideas ahout order, "hie demonstrations described here are designed to' ^ 

':: : \ • , -?7 . .- -4 

"ftuild ^ ' fea ter confidence in using the transitivity pattern and in so-called 

"V of inequalities. • . ■ * ' J f 




. ^jr - - -vet 



It may "be. helpful in Seption 1.13 to give the student a "broader 'view of 
transitivity from your private knowledge. Many relations, other^lhan order ^"""^ 
Si; Ireiations are transitive. Examples of some that are and some that are .not may 
^Sip, t6 get the point across. Such examples have heen included in Exercise 8^ 

S^;; x .„ To stimulate ideas about length inequality you may find it helpful 'to* have 
f^-^ln^the. classroom ahout a^dbzen sticks ranging in length from a"bout 15 inches to 
MC^^l/ inches in jumps qf ^ inch. 'Dowel stock, available 'In hardware stores in 
^f^;;threedPoot lengths, should serve well. Mark each stick on^the end with its . 
l^^qwn^letter of the alphabet, making sure that alphabetical order #nd length 
^1^^®?'!^® the 'same. . " \ . " ^ ' r " ' 



ife*«L~t- - ^U.^^ I^Wtlori .of the following procedure many* times "yill provide a Useful . 
^^Ci-.lUf^^«S^- c3 *^» 8 jSiscassion. Select inree sticks at random and give "one to .each,.* 
iSi^ t pf three students designated as the first, the second ana the third student. ' 4 - 
^ Let the" first and second students cotiipare. thejr sticks; ^likewise the second * 
apg %he third. Record the results on the blackboard in. some such fashion" as, ' 




K > M, M>G . (Emphasize that these ar^e length inequalities.).^ 



-4i 



t « Jowjite. $he remaini^ ^students to predict an or.6%* relation between K ana G, if , ! 

w^^^-4'-' J -^h:h^b * -~ — rr; - — I? ) - i <* it 3:i 

'^fJf'S? 6 atle " % re ? >G is - a ^laasitle prediction. If'it^is made, an ~ ' ~" j ; 
.immediate verification is called for-**, comparing JC and G directly. « .' ; 

: c • • , ' * . • . . . • : * • 1.4 

SL.. - Of course, many results jfill turn out to he in the following pattern, & & . tm , 

ffefc? ■ ■ : c x ' y: 

- o ♦ F' > H, H < . - m . * :> t.j 

Jfp&~'y ^ * ' ' ** ' , " 

• _ in vhich case no confident prediction can he made ahout.an inequality between . ( ^ 

- — F ^ the first object) and D (the third ohject). Getting the students to use , , ^ m : 
3$$yj^+.'^- m ~ ~ „ -* , . . • , e ■ , "**v"js 

p^' - xestrairlt where no prediction' is plaus.ible is Just" as .important, as Inducing k , 



them to make a guess where one is warranted 



li'rV simple variation of this exercise is to compare students 1 heights in 

■Sd' ^ pairs by having thenf stand back-to-back in the customary manner. A student 1 ^ 

Wg&f^r J set of textbooks- may also be -used . 4 • 

- ** / • i 'W 6 } 

% ' w . * The goal of the demonstration is to developlin'the students the williiigr 

ness to formulate a very general, statement (with your guidance,, of course) in 
* , • -Ss *- . *" * 

ft:t-~, some such form as this: "Given any three sticks, -ff the first is-J.onger than 

ggg£- % '" -* — • — ' - ' 'V= 

secon d j an ^ tne seconQ is longer than the third , then the first must be % _ 



~4 t ^ 



. longer thaa the third." You shoulid emphas£2e%in the course of discussion that % 

. the conclusion reached is not a statement about mathematics, but is a statement $ 
Ls.-i.^ - about the physical hypotheses which demo nst raises a pattern often encountered . . 



^ . . ..within mathematics. Also, you should point out that statements about sticks^ . ^ 
wn ich are ^accepted as true do not prove anything about numbers, although they • *^ 
*®&^ * ipay suggest statements about numbers. . - a 

fe^';>'< r i •>* • { J, ^ , * ; - - ' t - - - . r- *th 

Ir**^ \ - TOis same routine dan b'g performed with o'ther me"asurenrents, specifically. - ,7^- 

^^T»L, mass andwolume. Such -exercise will .pave the way for discussion of oth^r mag- 

JsaeSSftV" - ^ : ^ * . • ' ' ' ' • " " -l 

^ . .* nitudes in later chapters. It will also emphasize. that similar patterns arise , .jgfe 
g^f^.- * ' m - ' >''^ r ^ 

0^lr : ^:-in4^ *. • * ' ^* ■ 

^^f /^J- * * compare masses a simplJlleam balance can be, eaSily assembled, as sug- . . ^ 



r^T^ v: ^* A ^ ' e ^"^ y photographs. The beam, a x meter stick or yardstick,, hangs on a J , 
fev^C^*". /.triangular file knife *edge which p'asses tbi'Qugh the holes* of a paper clamp, 

. attached to the center of the^stick.. Ihe file rests across two inverted Dixie 

^pMfiC ,f S cups.. fThe pans are, Dixie cups suspended from the ends. M K * /* 

|#^>\""-<- .* ' . * v. . ' * ^ 



Figure 1 




Again, to perform the demonstration, assemble a dozen or so small ob- 



"'. J ec $ s °f comparable mass, and *for three selected objects let the students 
compare the first with the^ second ,, then th*e s econd with the Aiirfl. Record 
Results and "invite class predictions where possible. * " 

Exercise 8 ' *- hfl - 



, State the transitive property of number inequality using "greater . thgn" \ 
If a, b and c are real numbers, and if .a •> b anff b > c, then a > c. 
Ts there. a transitive- property for equality? - * * * 



Yes, If a, b and c- are real^ numbers, and if a ^ b and b = c, t -~ I 
thena=c % V > * ' ? ^ " • ' ■ ■ ■ 

0Mi§^\ Test^he following; phras.es -for transitivity. , ' . , 

j§|§i^ J J , ... ( : : . :J> 

|if^£v V/ Transitive. If Jt a isjolder than b" and. °b Its jolderthan c", tnen 
#f:f^:C^A - "a is olqer than e" 

-<h ! -)r.,'-#ves within 200 miles <tf» 



< r '*- 



^^rf^v-rr IfotcJEranaitive. IfJ'a lives within 200 -miles of b" and, "b lives, 
''within 200 miles of c", a fldes not necessarily live, within 200. 

|i^^^^afies"\of c. ; . • „ * - •/ . • ^ ? ; v . ^ 

^^:? 5 ^^'^' , ^?^^ ie same, mother as 11 tf *' ■ • * / *> 

^5 f * -^T \ ^,.toansitive^. If n ,a c has^the same mother as b", and !l b hap tmTsame ; 
.,motner as. c 11 *' then '"a%as the same mother as c ,! . 



21 



29 



• -VJs 



,■4 



(d) "is talliwU^n" . 1 ' /; * : ' 

' : toansitivel Tf-"a'is taller than b", and "fc L( talker thaH c", 
then "a is taller than c". ; ; 

' (e) ''lives next door to" , « } 1 ' \ » 



! 



Not' Transitive. If "a lives next door to b% and Ir b lives* next 

door to c'V a does not necessarily live next door to c. 1 

i • 8 " 
a,,.b, c and d are numbers. State an inequality between a and d (whenever 

possible), in each* of the following cases. 

« »" . 

(a'j 



off 
(d) 

(e) 



b < a , c*< b, b > d . thus d < a 

d > b , b < c, b > a * thus d >"a 

d_<_c, a > c , b ^ a, d < b thus ,d < a 

c > b, a, > b , b > d „ „ thus a > d 

a < c, b < d > b 



! j 

t i 



No conclusion^ I cannot form' an 
overlapping inequality involving 
a and <E (a-may be. greater ~than*d)' 

r • • * ' * . • } . » * 

In the four e'xercises below all letters refer to ^numbers. 

" * z * '-j »• 

If p < q and q < r, "Hoes 'it follow that *r > tk • 

] ' 

Yes , by the transitive property. f - > v • 

* I • . 

si > p and p > h, does it follow that m.> n? 

|A - 

2fes, by the transitive property. I s - 

d > f and d > g, does It follow that f > g? 
No. It does not form an overlapping inequality. 
h <: k and j <.h, does* it follow that ,k > j? < 
Yes, by the transitive property j < k which is • 
^ui^Oent to k>3- ' ' - " 



i 


if 


00 ' 


if 




if 






- • (a) 


If 



4' 



^.1^ Purlner/^roperties , c»f>Orderc > Addition 



equalities.-* 



Hie ^equipment of the preceding section can ,be used again to good advan- 

» / - : .' . « 1 • 

tage- in creating confidence about a new pattern, namely, the addition of in- , 

' ' '-' I' 

Ebcperimentation #ith sticks will result in the accumulation of many 
* if acts, such as: K <G and D < H. * ' Focus the class attention, on. a pair of , 

such inequalities and ask for opinions about' a relation between K + D and G + H. 

Here K + D is a name for the new" stick created by. laying K and D' end" to end* 

similarly, for G (You ma'y. find it. useful to write the symbols K © D and 

' G ©.fi to emphasize that a new kind of addition is involved.) While opinions 

are being /foinned, ypu. should carefully conceal objects K, D, G and E) and 

3 0 22 - 



5'< 



«•"""-- •- -' . 



^^forc^.the^tt^^ts ^o us^, only the tpro given inequalities in formulating a 

fi^C^V"'-- ^.flhen the* desired prediction, *v • 

* <■ i * .K+D <>G + H 

-\ 4 - - • -" v . 

J^. f is.made^ .immediate verification should "be* made by* experiment. Repeat the 

iZ * routine (witb- another, pair of inequalities until you thiqfc you have established 

sufficient confidence* Then ask the students to- generalize their results. 1 

v Point out that .any conclusions 'drawn do not prove anything about numbers,, but/, 

fe^r.rdq suggeWt? something about lengths ^ v '* •> " 1 : 

'Vary; the experiment to J'our taste by adding mass inequalities. "Adding" 



* ob jects " for* mass piirooses merely means put ti jag them together on t)ie pqme .pan 
Of - the balance,. v 



* L 



V - Exercise £ - • 

1. Giv*en the* four numbers/ R, S, T, JJ wli'ere R > S and T > U. Prove that 



i * , 



Suggestion: add .T to both lumbers of R> S and add S to both numbers 



Irs,* *" 



If"? 

fa- 
Bog*' 



(i) 

(2) 
(3) 

(5) 



^ of T > U~ How , apply* the transitive property to the ^t wo ^> 
new statements .* . ' 

-R ' > S . : ^ given ^ 

;R + T >S T.' , addition- property of number inequality . - 

^ i&U**' ^v-en.' - . ' ' 

^£^^ . - - ti * ' 

S- + T > S + U . addition property of nimiber inequality* 

" , ■ * ** ' 

R + T > S*+ U Statements 2 and 4 form, an overlapping ^ 

• inequality and the^ transitive property 

. t ^ . ^ , may be ap^lie^ . . 



2. t Tftiat can be»'said about the sum^of numbers x*'and y if 



, 1(a) 2.2^ < x < 2;5 

;- * ^.i < y- < 
< . ,:6.3 <x+y < T:o 



-Cb) First rewrite 3 > y >/^td read 1 <! y <.3 



• -1 ' y •< 3 
16 x *< ,18 

"17. < x+y < 21- 



D. 



f//^?;^-. (c) /First rewrite x >9-as'9 < x 



11 -<T 
9 < x 



20 < X+y ' ** | i 

- -(d) Nothing can be said about the sum of X anid y? 

^^^|^-: /3* Suppose -that a, b, c and { '"d* are numbers. J 



/ 




Ms - % 



(a) If a < b and c < d, how do the sums a + cj and' b <+ d. compare? > 

. * +-C <b + a ' ' ' ' ; ; - * ; 

,(b) If a .<b and c < d, how do the sums a + c; and b + d v compare? ^ ; 

~ / r- ' *' i 

a+c<b+<3-' f , i 

' f ' / 



1^.-'.' • • ' 

^ 'V 'J • • 

- - :-' - 



IP - 




J 



PL 



•A 
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2^ 



- J*4 



to"?* ' * • - . - 



— " - - rT 



.^^V,' ''"^ "' Jr V " 



mi' 
11/ 

if 

V* 



2. 



Sample Test Items- ~ • -~ ^ - ' — 

For each" c-f the following measurements ^* ^ / | a ^ 

A. .^Identity ,the- measure and the unit 

B. Change each to an equal measurement using ^a^ifferent unit, 
(a) 1*7 pounds' • * 

•/ ; (b) hours ; « 

"(c) 5 fe"et 4 ^ 

(d) 6 quarts . 

Use one of the symbols, " < 11 

; , * ' * . i' 

* for each^of the following pairs,, 
(a) '10, 7 



II II 



to. make a;, true statement 



- XL1 
3 feet, yj yard 



(<c) 5 minutes, 35&-*££onds 



i5^-^ond£ 



'(d) (5 +'l), ^ 1 

(e) 7, c , , • ; - ' - 

Rewrite each pair of inequalities "below so that they are'in the same* 
^ sense. Write them , as overlapping inequalities wherever possible.* 

;(q) ' 7 >6, 7 *<*9 



\ ,(V) 2 feet < ,1 yard, ^ foot < 2k inches - 

» v ' * • . ' 

* ( c) p < q, q > t , 

(d) .25' < 27, 25 ^> 19 - • 

f (e) 3 hours < 1 day, 1 week > 2k hours , 

f^v^vjiv. J^V? 16 . thaib J^_V^ W are lengths, and select th| grates t length is 
fM&^y^ , each of the following statements, ; £f possible. 

M 




(a)' U < V < w. 



PP^<- (*) V>W 



, (a) : tJ > Vj-"-V. > W 

M|SV-;; -(d) u<v, v>w« 

fll^'l' (e);, ; U > V > W . 



-5 



Rr Rir 



25 



33 




With' the 'paper provided used as a unit measure- "tfie length and width ^f, , . • 
th±s jpa'per and express the measurement as- ar\ inequality . 



_= length l Kote: Supply a small piece of con- 
struction ^paper as a standard 
unit of length, t 



= width j 



ft;..!-" 



6. 



7- 




Classify each of the following relations as transitive or not transitive,.,, \l 

> • . ' - * 3 

(a) "divides evenly into 1 ^ * • * # ' V ' f 

("b) "costs 10/£ more than" w . v * ' ; * * >: \ 

(c> "costV more than 1 ' v >r ? V . * >. ) - ;*/-> ') \ * - f[ 

(d) "is the. uncle of" * ' ' 

W, X, Y and Z ,are numbers. State an ^inequality^ketweeft JW and Z in each 
of the following cases*." $ ' 



(a) W > Y, -X > Z, Z < Y <y> • 



' vfb) .W < X, JC > Y, 

.(a) 23<M<26 and ' 42 > IT > 35 

(b) 27 :> M and N < 13 

- ' (c) M < 11 "and 5^ > N 



Sir 

to. 

4 ; 



What can "be said about the sum of numbers M and N if; 



m ' 

M ■•• 
If.- . ' 



9- 



(d) M < 32 and 42 < N 

t • — — ^ 

Complete the follpj#4Qg statements accurately., 

*When two numbers are compared as to size, there ^re three possibly 
results: 

(a) ,the numbers may be 



^ J("bl\»l5be/4irjst may be greater 
(c) vhe first may be • 



" J * - *- i . 

the ^second. 



10.* If three different people, Ma,;Roger, an^ Cathy . chos^e different units,. 
J to measure the length of a room and^ca^e up with these inequalities of. 
measure) which person chose the largest unit of measure?. 
y • <Snn 3^ < m < t 35- **"• \S - ' 

29 <m <i0^< \ '> 



Roger 
Cathy 



34 



'26 



^Cyv'lZ.*' Using the numbers a, b, c and d 

(a) Give an example of a pair of inequalities in the same, 
sense. ; ^, 



(b) Give an example of a pair of inequalities' in the opposite 



sense* 



, (c) Give an example o£ a pair of inequalities in the same sense 
t which could be written as an overlapping inequality-. " 



12.; True or False. Circle T if you think the s^tajbemen^ is truei , Cir T cle"F 
if you think the statement is false. - 





(a) 6<-9<7 ^ 


T 


F > 




M 5 < 5" < 9 


T ' V 


F 




(c)'9<6<7 


T 


F 


> 


(d) "ft>7 >6 . 




F, 




( e) 9 < 10 < 11 




F 




Complete the following tabie. 







V - 



ft: 

t* • - 
• 

' 

" 

If"'.- ' 

I^d* *' - ? ' 
■ - - . 





Statement 


Conj. 


Statement 
B 


- Compound 
Statement 

. (if* 

^possible) 


A 

(True 

or 
False); 


B 

(True ( > 
False) ■ 


* Compound 
, Statement 
(True or 
False) ' 


<a.) 
(b) 
(c) 

te) 


5r< 6 


•and 


• 6<T 


^ < - 
5 < 7 < 6' 
.15 > 7 




V ' 




(e) 






* 


7<~?~' 








/ 5 < 3 ' 






( m 


T x * 




10 < 12 : 




15 < 2 


^ .1 " - ; 






V 

* * F ,, ' 













% Sample" 

*• 


Test' Items *- 
A. 


> • . • 
Answers *• 

B. 




Measure 


Unit " 


Measurement " 




1^7' ' 


pound- 


a,3^punces, v . * 




■■ 4 . ■• 


hour 


^' 90 minutes - " * * 


■(c> 


5 


foot 


Irr yards pr'60 inches •* * . 


(43 




'quart 


: 1 * 

12 pjintsiior 1^. gallons 









27 



<« ^ - 1 ' '} 1 c ** "fv* 




. >(a)..10 >7 
Sg^f-H^ * ^(V)> S-f/et >^ yard' 



(c) 5 l&inutes < 350 seconds 

.;{d> (5V 1) - f' /■ 
. (e) 7 cannot be related to' c uniess value for c is given. 



(;a) 6 <i, 7 < 9 



6 < 7 < 9 



^^T§?*>..k s -1 yard > 2 feet, 2k inches > £ foot 



1 yard > 2 feet > gifoot 



-_. _ or 1-yard- -> 2^ inches > p foot 

Steg^ -p <"q>' t < q (not overlapping) 

. (d*) ^27 < 25 , 25 ' > 19 v? .• 27 > 25 > 19 



f 



feu "• 



-CeJ- -3- h6ur« < 1 day, hours < X week 



1 ^ r 



' . ' . 3 hours < 1 day < l^week 

3 hcjuTs < 2*1 kours < 1 week 

(a) W 

("b) Can't tell; U may "be equal to V. 

(c) U, ' * J 

(d) V - ' 

(e) U " ' . ' \ ^ ' 

Should "be. of the form: . WJ <,m < (b + l) U 
Size of ,'V 1 depends on size of unit you issue. 



- {a')-" transitive - -* 
s ; (b") not«-W!^nsitive 
(c) transitive 1 ' 
, (d) not transitive 



r 



7^ (a) .4-<W 



. (t)) ; W < Z 

life--' Sgfti ?<j 



•■86 



V. ' 



••I 



28 



J* 



7% *\ 



fslKSL* " (a) ..Nothing caB ~be v sa£d* about the sum of M and N 



*\(p>j£^?fi 'the-secorid 
; -Jt:?*'"'--' riess than 



^Roger >: 




"•sea ^ j 



(c) . False 

(d) -v3?rue' 



.Statement 




\ or 
an* 

or 

or. 
or" " 
*?and 



Statement 

B ' 



5 = 3 

7 <6 

M5 - 7- 

7 = 9 



• Compound 
Statement 

.possible) 



5 <6 <7 



5 < 3 or 5 .< 6 
10^32 and 15 <2 



A 

(True 
or 
False) 



T 

>T 

T 
T 

F. 
T 



(True 
False) 



T 
F 

F, 

F 

Fy 



"MM 



Compound 
.Statement 
(True or 
False) 



T 

*F 
.F 
T 
T 



1 



.29 



37, 



, /Jf ? 35S3 



MM 



Chapter 2 ' 
LENGTH AND THE NUMBER LINE 



'fS— • " ** sing Belated Units in 'Measuring 





, ©lis -chapter begins with the Unmarked Stick Experiment to ^illustrate the 
.problems involved in, measurement, and ends ylth a discussion of the ,pujjber ■ 



f^*^^3-ine. Other important topics .treated are 
• decimal approximations tb « real number, * 



the metric system of lengthy the 
the meaning of measurement to the 



*. nearest unit, exponents ^nd^ci^ntific notation. 



The experiment should bring out 'the following mathematical ideas* 

1. The extension of the number system from the counting numbers „ (positive 
integers) of Chapter 1> when you placed units end-to-end, to the rational 
numbers and other real numbers (irrational numbers") by ihe constructions of 
Chapter 2. " . • 



2, 



The constructions use the foilowing statement . from geometry: 

If a set of parallel linete cuts off equal segments pn one transversal, 

* i ' 
it cuts off equal segments on every. other transversal." This fact is 

never explicitly statcdbut it is used in 1 the process of drvid'ing the 

line. (See Figure. 2.) 9 



.3. A real number may be defined in advanced mathematics, but ve usually use 
rational approximation^ to , represent real* numbers. ( = means approximately * 

* 9 1 ' 

equal%to. V For example, VST^l.tit2, V3 = 1*732, * = 3.1^16,^™ = .08333, " 
, "=jj ^ •090909^* = ^999 • tore precisely, rational numbers are represented 
by repeating or terminating decimals whtfie other real numbers are represented 
by .non-repeating, non-terminating de(rfmals. 

JFfce definition erf" positive, negative *arfd*zero exponents' as v pOwers~~bf 10 7 



v$r*%Z'>+ and the' laws* of exponents for, powers of 

j&iL. , **5- A length can be measured in many units by using appropriate conversion 
..factors* The measure of the length in terms of . one unit can be transformed 



^^fev'V-i into the||nee*ure pf the length in terms 



of another unit. 



iERICv: 
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life* 

ft"- 

KV" •• 




"2 : "she^Bs^of - notebook: pape^ '^SnecT^f • ' * *i "* 

" • afieef 6f^^K^7paper. (Xp square.sj ger inch) , 1 | 



f - I'^sinalS roQri^,o^*ma§Jtin'g tape ' ' 1 
-'The purpose of this*experiraent is: * 

1. TO .show that the choice of unit is arbitrary. 1 . In addition, the choice 
of. the number of equal divisions of any unit is arbitrary. We use a decimal 
system since our number system (Hindu -Arabic) has a base ten. Our monetary 
system is decimall^The metric, system which we* find used on the calibration 
of film sizes, foreign cars, some rifles, and in the Olympic Games is a 
decimal system. f . \ ^ & : a ^\ 

2. * To obtain upper ,and lower estimates for the length measure y of different 
objects. ; . 

3^ To learn now* to divide a length into iequ&l parts/ 

4. Tb^obtain a succession of better estimates of a length/ 

5. To comparB/ different student's estimates of the same len^bh. 

-6. Tp^-rejlnforce the value of the decimal system. 

'.• »-, 
7.^ "To emphasize the need for standard units. 



8. % To discuss the conversion of units/ 

'-9. ? Td discuss errors in measurement due to human variability . 



/ 



\\\ Details of the Experiment :- m 

i-V."* ' ■» J -L - 



Each student must baling Jbo the classroom a straight-edged^ unmarked 



$&&cyr - .sticK approximately 15 inches long. The student, should use l\is stick, to 



% \ .^measure the length of one of his books. He. should record the result both *- 
W^S'^ - - 6s^an inequality and as an estimate to the nearesC unit", as illustrated iti 

Table,! in 2.2 of student text. He should make-a similar measurement and ^ 
a* record of the ^j£|ght of ,the door and of the width 1 Of the classroom^ 



PFRir * ;j 
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4^ 
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4 
i., 



I 5 ■ 

1 * 



i^fample Data 
*%tabie I , 



'\ 0 '< measure „of book < .1, hearer to,l 
\*% < measure of door nearer to 5 



15 < measure of. room < 16, .ne arer to jj? «>' 
All measures in.U, while neighbor^ unit = 1.12U. 



- { it • 1 , • - * ? 

He should, take two sheets of ruled notebook paper and »check that t.he 
*? . • flv , ►•«.''« 

, - lines are iegually spaced by comparing the distance between lines on one 

she,etwith~thfc fistance* between one pair of lines on the* other sheet as 

:\ . illustrated in Figure' 3, of the student text. ; % ' ■ ^ ■ 

After deciding that the lines are equally. spaced, t^e V8uxler\t should 
scptch^tape the two t sheets together. as Illustrated in student ' text Figure k. 

* * *^rk the topmost line with a 2ero and then, raark'every third line con- 
secutively with a numeral from 1 to 10. Place, the stick so that one end 
'is lined* up^with the* line marked 0 and the other ? end of the stick is lined . 
. up with the line marked ,10. Using the numerals from 1 to 9 inclusive, /mark, 
the points where .the corresponding tnarkeel, lines meet the "stick." . m t 

. " ' • /: ~m> . ' - s 

The experiment .should.be done in stages. After ijjjne data in Table I 
has ieen ^reco^ded, it' is desirable to have *some class' discussion about the 
^ inadequacy of this measuring, 'instrument and the need for division, „ It should^ 
* t *'%e emphasized that, for -the, time bein^, we do not have any standard measuring 
equipment and Xh at we do. not tiaVG any mechanical 'means' for dividing, lengths 
into equal parts*. We So, not^pow^hat- the lines oh the note paper are v 
equally spaced. This wiil .be checked^ in Step 2 of ' the experiment. ' If we 
s did- not have ruled paper, weNipuld c&nstruct some. Make two marks on a 
^ stick an arbitrary distance apartN^Using th%& .distance lay off a sucy 
t \,. cession- of marks on/one edge of ,tne p& 

edge s of tfie - paper and »theri connect corresponding lines as follows: 



.J; 



v. 
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1^ 



r . 



^ 




mat.-}-* 



life 



ff^^'r ■ * ' , ■ • * a > I ** • 

J/j^hasize that the lines , need not be perpendicular to Xhe edge of the paper; 
*tfieyne.ed only to be equally spaced. • 

5 — . ' T* x - Q » ' ' ' « ' 

Before the stick is divided into lOths, there should be a class. dis-? 

, cussion of Figure Begin with* a* triangle ABC. TherL divide the side ■ , 

' s ,V . - * ' . Pi 9 

4 'AC and si$e BC into four equal parts. Draw lines through the corresponding 
>.''."-*'• - ■ ; > . * , , * 

divisions and ^oint out that the lines are. parallel. "1£ another line, not* . * 

* paralleled -rfne base, is drawn anywhere in the plane ;the parallels will cut, 

pj^/tbree equal segments*, on "it. S6e the figure below. 




Figure^ 



/ 



Use the stick marked into^lOths to again measure the length of a book, 

the height a door, and the width of .the room. Record the data in Table H. 





(Teacher may stop here with some -groups\£)t v *" % " 



- ^ 



Sample Bata 
Table .11 , 



*0.6"< measure of boo'k< 0.?« nearer r t'o *- 0 . 7 
* -4.8 < measure of door < 4«9, nearer to ^ 



I5.3 < me^ure^9^joQm,.< 15.4, nearer to 1^3 t " . 
All measures in U, while 'neighborly Unit = l.i2U. \ 



^?^>-»*" vi ,Use'a sheet of graph paper containing lO^quares %o the inch and number , . 

s,uccessive^lines $rrli from 0 to 10 inclusive,, "Pltfce^one end. of the stick , 



on t^e^neTna^kei^b. Adjust the stick so that! the poirtt marked f 1 on the 
fitidc ^pincjdes with 



Js^ffii sticR at each 

ill 



4±th the line marked 10 on the ^heet o^ graph paper .^J^r^c t . ^ 
i; point % where the numbered line*£ Intersect it. ^However, I 
MfC^"" / thcmarks should not be "numbered. - This procedure has divided* the .first/ >LJ>t 
°^ tlm ^ ick int0 > lOOths, , Continu^liis procedure until. theejxfee L 1 

^8|S?: C :S ^SM^? S % en divided into ^OOths., . t "''^ .^^^ , 



11 



3^ / 




W^MM^y^'^^P /the measurement of the book, the door and the roo>. 

^!^^^^3^M^^^n*8 in Table III. • " " . N . ' 



Record 



Sainple Data 
Table nx- 



^^^^^^^ ^ ■ P ;68 < measure of book*< O.69, nearer to" 0-68 ' 



ir^-?3^< measure of 3oor <*4.8if, nearer to^ 4.§^\ 

^ 



*3 



I5-3I < measure of room < 15.32, nearer to lsNt g y 



*' All measuresWin^tr, while neighbor's toit: = 1.12U. ^ • 

&>r later use, each student should measure -fcfne length of his neighbor's 



r|^^^,i;stick to the nearest 100th of his unit. • 

?fce student should be ready to make a generalization of the method ^used in 
„ dividing a iyine into an arbitrary number of equal parts-. Suppose we want to 



■■2 



divide a 3 4 ne ^ int0 four e< 3\^ parts. Ffom point* A draw a line in an axbi- 



^irecjiqn and lay off five equally spaced, but arbitrary, lengths ^on it . 
the end point of the fifth length C. Through *C draw a line. in an " 

_> arbitrarv direction. Gnrinpnt *R tri-hh "hh-A fVni-rfch mfl-rkpr! Txvfrvh nh -hViP "Hn 



rjgg ^.j artitrary direction. Connect B with the fourth marked point oh. £he line 
^^^lc, and let D be the point of intersection o'f this If ne with ^the new line, 
^fc-**' '' through- C. . Lay off -the length CD three mc?re times on the. line CD. Connect 



1* 



corresponding points on the line's CD, and AC. 



g^;;:,- 'line..AB .into four equal parts. See Figure, 3. 



2hese lines will^diyide the 



% 
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After the student has completed his three sets of measurements, a , class- 
room discussion about the difficulty in comparing the measifrements* of different 
students* leads -naturally to the need for a standard unit and id the t in1froduc5- 



tiion o'f the metric system. 



# ^ - - «- , 

. ,y *i Teachers desiring to use the technique of the Unmarked Stick Experiment 
for-otHer objects or events may use the Soda Straw Balance Experiment found 
in the Physical Science' Study Committee, Physics , Laboratory Guide , Heath, 
i960, -page 11. ; 



feci 



Exercise 1 ^ 

1. Explain why moving the sheets along each other as indicated in Figure 3 

shows Hjat the lines are equally spafced. H V 

* If the lines were not equally spaced, they would not coincide 
or match.. " " 
2j How do you know that your procedure for dividing the stick into ten 
parts of equal length really *works? Deyise_a method to^ divide the_ 
stick into seven equal parts, \ *; 

If the lines are equally spaced, then any pther line drawn across 

these lines is divided into equal line segmeats by these lines, 

^ A * ' "t* • 

-Place the* stick so that the ends of 't|Te stick are on lines marked 
, • < *" * v ' 

. . 0 and 7, then mark on the s,tick where the lines, marked 1 through 

Or ^ * - " 

* ' ~6 meet the sticky ^ , 

34 If you are measuring your desk* with, a meter sti^ck marked in 'divisions ; 
down to millimeters, how many decii^l places will you be able^to §ive ^ ^ 
in the measure inequality if the measure is based «oa un^ts or 
^'(a) Meters? . v " . ' ; _ j ' & V 

^ • Answer: 3 «L ' * "I - 

. ><c\^(b) * Centimeters? . ' - t ' #( \- "~ ; . ' 

Answer : 1 ' • ^ . _ . ^ " - 

• ^ (c) Kilometers? j 



\ .* • Answer: 6 



^ Ha''- 



/~ A.'. Measure the length-.of your neighbor's stic^ with ydur stic£,~ and find 
• •% - • its measure, to the nearest hundredth of your knit. U^e this numbed to 
" 1 convert Jils data in Table* I to measures in te^rms of your unfit. Do^e, J , 
results you And this way agree with your measurement^ note£ in Table |I? 
^dr^he. agreement is unsatisfactory, can you give some JeSplanation for 
- , ' - , the.jdisagreement? • 



a * e \ ^Cr 36 



FRIC 
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Coavert your neighbor's data in Table. Ill to measure in terms of your; 



m 



fc«er - 



J; - 



un£ji r Eq these results agree with your measurements , noted in Table ^III? 
Is. the agreement between- your resuit^ and your neighbor 1 s results better 

or worse now than in Problem 5? - - * 

>- * t? . . , 

*;„ ' * * 

~S anfr^^Let us call the length of your stick 1U, arid pall the length 
• \ of your neighbor's stick IV, and then we find- that 

: IV = 1.12U. / ' &) 

.Then \t he measures the width of the room as 1.26V, we can convert : 
to V units as follow^: . 

* 1.26V = 1.26 X (1.12U) = 1A112U. 
Since the neighbor's length was measured only to the nearest 100th 
of a unit, this result should be rounded off to i*^^ * , 

, Notice also that from (l) we obtain « 



1U = 



1.12 



0\89V 



by dividing 'by 1 .12 (or multiplying by p'jg) so that £t is possible 
to convert U-measures into V-measures. x % 4, 

Say the desk measures 1.37U; then z 
1-3%= 1-37 x (0.89V), = 1.2193V 
and w£ round off to 1.22V . 



4* 



~7 



c 2*3 2he Metric System of - Length 

As stated in the first purpose of 2.2, the choice of unit i^arbitrarjr 
. and. the choice of equal divisions is arbitrary, bujt, the metric system pro- 
vides. us, with a variety of units each of'which is divided in ten equal di\ft- * 
. sions. -S^refore, it is a» decimal system. In the student text, we have * 4 m 

limited the discussion to the metric system of length. Tfoe teacher may feel 
^he needs to include other objects and events such as area, volume or capacity^ 
. weight or mass*' density and 'velocity. * For example, the "glugs" or "fish * 
weights ! Vjused in Chapter k of the text could be used for' arbitrary u'rrLts of " 
capacity and mass respectively. , t r it ^ t 

I^J^^V ^Stiull^s^s^^u^d. become familiar with tne prefixes used in the metric,: 
system. " Wey should be directed to parlous sources of reference for their ( 




information. 



Notice that in this text a length of. one meter i? .not the length^of org 
^rpartfcular distance bat is a property of ,all\sticks, or objects, Or distances ^ ^ 



|ERIC 
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'^^vhich have the length one meter. Therefore, a statement sach as 



£»5- <■ - 



1 meter = 100 centimeters 

is an actual equality, since one meter and one hundred centimeters are botl^ 
names for the saute length. A length such as 3.6 meters means a length which 

"is 3.6 times a length of 1 meter. That is, /why we can write 

%?& . " * 

^1 . , s3-6 m * 3.6 X (lm) = 3.6 x (100 cm) = 360 cm 

<- ? * * 
and 100 cm is therefore the conversion factor "tcTchange from meters to 

centimeters. Similarly, since - ■ * > # 



1 centimeter = meter 



apd 



360\cm = 36O x (1 cm) 



360 X m). 



3»6 m 
1 



the conversion factor to change'from centimeters to meters is % ^qq m 
Problems h and 5 of Exercise 1 show this conversion for the student and. his 
neighbor's units. This procedure car* be extended to other systems as the 
probl^ns indicate. . ^ 



Exercise ,2 



^^^^^ 



-r'.-^- * * - 

fStv 

Pi'-- 



3- 





Millimeter 
MeasiCre 


Centimeter 
Measure 


Decimeter 
Measure * 


Meter 
Measure 


a ■ 
i 


(^6720) 


5672 






b 




(|pJf.7> " 


. '20.47 




c 


/ ".O56 . 


<£oog) .' 


(J0OO56)/ 


^00005?) 


d ' 


Q3Q0^ 




CD 


• 2.3 














|>Dekameter * 
^.Measure 


Hectometer 
Measure 


Kilometer 
■ Measure 




a 


5.672 : 


' .§672.' 


.05672 




b . 


.20V7 


.020^7 * 


f0020V7 




' c % 


.OOOOO56 ' ' 


.O6&OOO56" 


— ; r 

,.060006056 




d 


.23 


' .023 ., * 


. .0023 





Describe a counting process that could lead to a meter-measure of 

23.987 >• ' ' • • ; / . 

f ^ By counting 23 meters, 9. decimeters,' 8 centimeters, apd 7 millimeters. 



VI 

• 1 
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- 256 millimeters = ^0002^6 Kilometers 
, 12%rcentimeters « 12k^0 ^millimeters 

kilometers • 




ft- 



meter's 



centimeter 



1 rod 



inch = 1 centimeter 



(a) 
(b) 
(c) 

(a) 

(e) 



12 feet 



3M 



B8 



mi 



lie = : 



20 



12,000 fathoms = 



inches 

yards 

72,000 



feet 



If 000 Angstroms = io~000 meter 
1 meter 3.2U ^feet' [Imp 100 cm 



1 1C P ( ^ n) 

100 X .(^) X (i) ft]. 



SS^'" 4 . ' • (f) 1 inch = 25^,000,000 Angstroms [1 in = 2.$k am = 

2.54 ^"(100,0*0,000 Angstroiis)] 



■ • s 



The Determination of Length Measure 



H*'; . and 2*5 . Successive Approximations to a Length Measure and 

&,<V • * - ^ e a * m of " tnese tw0 sections is to show the students that a sequence of 
1;^,^ ..lower and upper estimates can be obtained for the measure of any length, and * V, 
* to convince. him that this sequence defines aoiumber. The text intentionally * 
w^C* ignores thV^istinction between rational and irrational numbers. It may be e 
£'7;^. -desirable, with some students, to point out the distinction to show that every 
Su: rational number has a periodic decimal expansieft. Conversely, every per- 

W0K^^'y " ■ * •• , * 

i§L;~ .Iodic decimal represents a, rational number. Finally, ,show that ^a non- 
EL 1 *t ea^mi nat ing , nonperiodic decimal is an irrational number, and conversely. 
w a JMfcul material for .this topic can be found in SMSG Mathematics for Junior t 
fil^ High School, Volume 2, Part I, Chapter 6, or Irv4ng Adler, The New Mathematics, 
^r^Meator^ i960.' * ^« 
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ft^X<A~*-.* * ' ' > * * ' ■ Exercise . 3 • ,* • * ^ v fr * 4 ' 

„ Which of the following ;is a more accurate estimate for the same length? 

V' (a) 3.25 < d < 3.26 in^neteK measure or 

32p6 < d ^3257 in millimeter measure . * 

;f§^%^V ; - ' *' • 3256 < d < 3257 in millimeter measure 

* ' (bX 561 < d < 562 in centimeter^ measure or -« ■ 

: .56 < d < 57 in' millimeter measure ^ . n 

• . 5^1 5 d < 5^2 in centimeter measure 

(c) 4789 < d <4790 in« millimeter measure j or 

4.789 < d < 4.790 in meter measure . »- , 

both -tire same* 

2. Which of the following gives the most accurate estimate of t a certain 
length? * * t . . , . 

(a) in meter measCire • 5.81 .< d < 5.82 
,(b) in kilometer measure O.OO58 < d < 0.0059 * 

(c) in millimeter measure - 58U < d < 5812 \ .'^ 

(dX in centimeter measure 581.14 < d < 58I.I5 * # 
(d) is the only correct response 

3. Suppose the dekameter measure m of a length satisfies the inequality 
8.9674 < m < 8.9675,. Write inequalities for m in terms of the units ' 
used'itt Problem 2. ^ '/ 

< (a) in meter measure' 89. 674 < m <""B9«675 , • 
(b) in kilometer measure 0.089^ < m < 0/989675 
' (c) in millimeter measure 8967W m < 89675 • • 

(d) in centimeter measure '8967.4 8967.5 

4. At what stage in* the following series' of approximations has the* 

* 'procedure oi "successive subdivision been violated? 

-*. * - < ' * 

\" ' * 5 < d '< 6 ^ , 

' • 5.6 < d < 5.8 ' - • , 

. " * 5-63 < d t<]/5.64 ' . ' " . 

Vi-'i'./'i - ^631- <^;< 5.632 - • - 



Ip:?^ -' • ^ lv an y! of these inequalities contradict, another? " : 



NoJ 



1 V 





Xn. tM Wiiite. down,, the first five successive estimate inequalities in decimal 




^l*>%^5no,: |"o 'the; following length measures: 



(b) 8.999999 
/ 



(c) 3<22 



<(d) a V 



. U9.< m < 50 
U9.3 < * < 49.4 
49-37 < m <%9-3& ' 
49. 37 1 * < m < U9.375 
*9.3W <m < 49-3748 

8 < m < 9 . 
8.9 < m < 9.0 
8.99 < m < 9-00 
8.999 < m*< 9-000 ' 
8.9999 < m < 9-Q000 

3 < tn»< 4 
\^5.2 < ur< 3.3 
3.22 < m < 3,23 
3.220 < m < 3.221 
3,2200 < m.< 3-2201 




•4 < rii <„5" 
4.0"<a < 4.1* * 
. 4.00 '^m < 4.01 

4.000 < m < 4.001 
ft. 0000 < m .<--'4.0001 



4 < m < 5 .,4r 

4.5 < m < 4.6^ * 
4.50- 1 \< 4# 
4^00 < m < 4.'501> 
4j|006 < m <*4.50G1 



<4 




■Vs. 



VI 




■ 



4 < m < 5 
^.1 < m < 4.2 • 
lj-.l4 < m < 4.15 
,4:i42^< ra < 4.1^3 
j 4.l428*^ra < 4.1429 



Guess the value of m in each of the following cars.es: 



3WK , 



4^ 



nt >r 



(a ) 4 < m < 5 

4.1 < m < 4.2 , . 
4.i6 < m </VrK 
' 4.166 < m < 4.167 
and so on 



(b) 2 < m < 3 

2.6 <m < 2.7 
2.66 < m < 2>67 
2.666 < m < !2.667 
x " ' .~ and- so ,on\ >. 



3 



1ft/'. 



(c)- 3 < m < 4 

3-1 < m <C3-2* 
3-14 < in <^3.15 - ' 
3'.l4l »< m <^3.\42 
^ IU 5 < % m < 3-3^6, 
^ ^.14159 < m <3.l4l6o 
and so on ' * " 



it' 



Of which of your answers are you certain? 
None. * 



3 



. ft 



llffe^t' * ,: • r 2w r 6 How Lengths Are' Quoted in Practice _ 

5P8fcf*4^V- * ^' *t~ ' J 




%*«w* ^^Many students Jbonf use "rounding off" a number when the teacher specifies k . ' 

Ilia,, .the^number^of significant figures one time and the number of decimal places „ «• t ' 
t^.-,^ ^another- time. The scientific notation coming up will overcome this difficulty, . t JJ 
The problem posed when the last digiX^is 5 does not appear here because we are 



• 4 4 9 

•^-i<' - ... 




^^JjjSS?*"* offVith tlft Hfelp of* am inequality. The inequality specifies whether 



g^^T! r ^ nibe , r ^ 8 closer to the number^below or the number above. For 

y &awple, 'the student is not' asked tcf round off a number such as 2.75- but, 



ln§t;eaa, to give* the two-digit figure nearest .to m where we knoti that 

3.75 < m < 2.80/. - 
^V ./C^rly^ the answer in this case is 2.8 . If the inequalities are not giA 
M;^ , ? :and ^ ou are P ressed to roijnd off 2.75, it is suggested that you round to 

/1^ e « I ? ?xt highest unit (in\his case tenth); thus, the rounded value is 2.8 . i * .Z 



fin.-'? 

Pt - 



Exercise 5 



1. 



« #<- 

*H6w many* significant figures are there in each of the following numbers? 

(a) 
(b) 
(c) 



:(.a) 

(e) 

,(fi 



573.02 
2.91 

.605706 
5,296,000 ' 
3.760 



5 
3 
6 
h 
k 
h 



i 



(possibly 7)° 
(possibly '3> 



2. f Quote the following measures to two significant figures: 



UK , . 




(a) 3k.06°< m < 31*07 
) .6765 < m*< .0766 
137^ . < m < 1375 . * ' 
(dj!}. OOO567 < m < .OOO568 

(e) 29,783 < m < fy&k 

(f) , 12?- < m < 135 ^ 

(g) > 10195 < » < «°205 

teitfel the' inequalities implied 'by 1;he fqllowflfg meas 

vmh' is'- approximately. 
* . \ 
... ' (a) , 2.6 



2ft 
.077 

-000% 
30*000 

'13a , 

'.020 " ' 



4Ti 



0£:i/-i 1 (a) " 1:659 
Mf;4^' (e) ,003 • 

.(f)- 276.53 



2.55^£ m <'2\6% 
K v . 07^5 < m*' <• .0755 ^ * 
. 2603.5 < m < 260^.5 

I.O585 < m < I.O595 ' 
^-0025 < m < ;0035 
,276.525 < lji< 276.535 




•A 



t 




*S; 7 * Exponents 



Exponential notation f6r powers of ten is introduced. It is recommended 
that in the beginning only powers of ten be used., Notice that the definition 
of an exponent is changed slightly. The new definition has. the advantage 
tnat f a 2ero exponent has a natural meaning" and. that, later on, negative .ex- 
pouents will fit in quite naturally*- . ^ 

llgfV V 10 n where n is a positive integer is defined 10 X 10 X . . . 

n factors 

1 

Therefore, 



' 10 tf X 10 m is*' defined 10 n4 *. 



io n x io ( " n) 



and 
, then 



10 1 

io 1 



n-H-ri) 



10 



n 



10 



10 



- 10 

= 1 



Exercise 6 



7^ 



1 >3 



1* a IWrite these numbers in a form that does not contain exponents 

*iHsk' ' . .. 



■ m 



(a) ^3.^75 x 10 

,(b) -2,3 x 10* - 

v/(e) 0T0004 X 10 3 

(d) .i0.562'X io 1 
(eT 10 6 ' 

, (f-) 3.00& X 10 1 

(g) 16.0 x lb 3 

(h) '^.280 X 10 

(i) 10 X 10? 
(j) 



0 fc 



-1 x 10 2 X 10 3 



23,000 

10.^62 . 
1,000,000 

30.08 0 
l&fcoo / 
52,800 \ 

1000 
100,000 



2. 



Write these numbers in a form using exponents in such a way that t. 
decimal point follows the first significant figure. 

(a) '6,1*00,000 



6.K X IO 6 ' 




• 

e) 3^000,000,000 

' (f ). 256" ' .; l * 

f(g).< 9,327.560 . . 



6:^75 x 10^ 
U.56 X 10? 
3.1A159 x io 5 - 
3 X IO 9 

. . , < > t A 

2.56 X-10 v- i 
9.327560 xio 3 
9.8763 x 10 



U 1 1 



'V \ \ 




♦ i 

■ the; follpwing are correct? 



x ^ x io 2 ^2Q r x^io 5 
X^X 10 5 = 11 x io 6 . 

iq 3 x 3 x*io 2 « 6 x io? 



?X-10 x 7 x io J 



i 3 * 133 IO 3 " 
W^;>aC*): io c ;x io* *io u . io 5 

'10 X 10^ X. 10 = 10 > 



SW^W$ *%6 2 .x io^x. io 1 = id 5 

"(g) $.x io 2 x 5. x io 3 = 1.5 x ip 5 . 



Xh) 1.2** lo X 1.2 X IO 3 l.kk X'-l6|^ 
(i) 



10° X 2 X -10° = 2 1 



* \ (3f 1). x io 2 x 2.56 = 2.816 x io k 



g&"?: •' 



(It) 

U) 



16o x 2.5 X 10° 
5 X 10 £ 2 X 10 



if X 10* 
IO 3 ' 



-.- 9 ' (^(c) A (d), (e), (i), (k), (1) , ' 

, Note: TheiBe answers are numerically .correct. Some 
answers are not wr.fttea in scientific notation. 

Fill in the blanks. 

. (a) 2.^3^5 km = 23^,560 cm # ' 

_'(b) 2.4 km 2 too m' . 

* (c) p.000064^n^- 0.0064 cm - * - 

(a) 5-62 cm = O.O362 to * ' * 



■ A 



(e) 
(f) 
(gj 
(h) 



37*6 mm 



• 0.0000376 km 




37-76 x 10 cm = 37,760 mm 
.057 *X; 10 2 m = 5700^ mm . 
3,762,598. mm = ^762598 km 
4."578 x'10 5 cm,= 4*578 km 
4,67 X .10^ m - 467,000,000 cm 
2.5&X 10° cm = 25.8' mm 
.($057Vl0 3 m =. 5700-mm - . 



r 



&M^2^ .Negative ^onents . Scienliffc Notation- 



fi*£^ ^^VjjLe use of negative numbers .as, exponents here does not^implV, the necessity 
^P^]„g^de^elpp|.J^ the negative numlpers in .generpl at this^tirae- The negativ^ e^ f t 
£^.J^pbneht is^Only an alternative notational ^^rm to the use of positive exponents 
^^^C.^.^be dei^minators . It would 'be better to^ defer a discussion of .negative 
Sfj||^V^eis until 'the.^ number line is developed.! ! ' ^ J ■ 



the necessity 



I; 




3 .v < 



The student should disqpver for himself that exponents add when powers 
are multiplied. He should also discover" for himself the ;rulesjjilr the addi- , 
tion of 'signed numbers. 1 In some cases the stu^fent Will also discover that 
exponents subtract' when powers are divided. 



Exercise 7 , 



'lExprtss in scientif ic/notjatfiori. Use a World Almanac or similar reference 
"book to get the appropriate numbers w£ere they are needed. * ^ 

J..' The speed of light correct to two significant figures. 

8 / ^ / ' * 

3.0"X 10 m/sec -or 1.9 X lO^i/sec 

2, The speed of ligrt correct to five significant figures.- 

* 2; 9?79 X lb 8 m/sec - ^ ^ " . > 

3. The number of Angstrom unit^ in one centimeter. % , ^ 

*. . ' . • ' y . * ■ 5 . 

1 x 10 cm , * 

' ' ' ♦ * 

k. The number of meters in one 1 millimeter. 4 
> 1 \ 

1 X 10 i m * , : 

•5. ' Tne number of kilometers in one millimeter., 

1 X 10 km ' ' *• < 

.6. * The anriual budgetj of^Jhe United States.^ 
10 



:1 



• . $ 9.6j x 10^ (1964) , . . 

* \ . 

7. The magnitude of the area of the United States in^square miles. . , .„ 

. ' 1 * g 2 . / 

U. S. A. area 3."6l5222 X 10 mi • . , 

, * " . % ' 

The magnitude of« the ar ^ of your estate ^ in square miies>I 

r • 0 * * ' " 3 2 

Alaska -'area 5*864 X Kr mi ; Connecticut aree 5. 009 X 10 J mi 

• ^ $ •« 

The'Vatio of the number in Problem 7 to the nutnber in Problem 8. dV , - 

Carry out the indicated calculations and "write the answer in scj.entific,g 

notation. >- . ' / * * >> y , * 

Area^U-S-A.) > > ■ 
Area (Co^. ) / , 



fi Caijry.out'the indicated calculations jjr|d wr^Lte the answ J|£ in scientific 
notation'.* t ' | . , / , \ . . 1 / ^ \ 

l6\ <1.6 x 10 3 ) x ,(l'.X x.10 2 ,}' = 1.76 x 10 5 - '* 



®^ao&"'-' (i.6 x ? io 3 )^(i\i x Kf 2 ) •= 1.76x10 



P^12,. "(1.6 x Kf 3 ) x (L'l x 10 ) * = 1.76 x 10" 1 
§^*a#> '(r.6x,X<f 3 )->x (1,1 x io" 2 ) * a.76 x io " 5 



t^S'P* .'.yse the facts J>hat 36. in = 1 yd and 2.54 cm ,= 1 in^to express. , 
i.cm. in -yards. * " . • / • 

^iv>^5/.. If the speed of light is 1.86 X Kr miles per 'second, change it 



Rfr • - tor meters per second. Use L mile = 5280 X 12 in eind 1 in - 2.5.4 
2.-99 X 10 m/see 



- //if 
1 



ffi^)^; , ;rhe Number' Line 



fe 



; .,,. v , " This section introducers the student to the number line. . Only positive - 

numbers are indicated to allow, for the possibility. tftat„the instructor may not J 1 , 
. >^ isn *° discuss negative numbers at this class level- 'However, the zero is 
^^.^pliced l^sidenne line so that the instructor ca.n \jaise the question of what 
.^umbers can be assigned to the points on the. left of zexo. 1/ ~\ 

^For further discussion see Mathematics for Junto* High .School, Volume 
^l^ltax*'.-'!, Chapter 6. . / . 



. 5* 



1. 



Exercise 



Draw your own number line to cover the first ten counting numbers * • . 
♦Mark the following ; numbers on it as accurately^as you, can; *" ; 

i£ : 2 i ^ 525 M 7 ^ r 8.6.9.5 . ^ 



'A3?.- 



8 9 



10 



';•■•.?»> * -jpj} another line, making each unit 10 cni in length, mark the 
a^^^'SUapwinp numbers: " li, -1.26,, l|, .lA, 1^ . " 

M^>S ; •. - : 3 , ; \ 7 ,• L 

" Arrange these numbers dn ascending^ order of magnitude. . 



^4 
:h 



-.1? 



T¥7 



4 




11 



I 

i- 



• * solution -to ;(i): 

7 x = .363636 
. 100 x ='^36.363636 
subtracting x= .363636 




99 x = 

X = 



- 9 



JL 
11 



36 

99 



4 
11 



: # 7»~; Express gach of the following as an exact decimal wherever-possible. 



J - A. 



v^£&~> -*. * - 



(a) 



:i 



5- 



» J, 
w .3 . 



■ V 5, 



--^125 .. 

» not possible 

not- possible 
- not possible^ 
^rt^bssible. 
'1A375. 
npt popible 

1 . 



V 



>3 



If : RirV ^ > ^ 



— ^ ^ y 

■ - . \ f . 



) 



k9 ft 



56 




$g££rS -r -Sample Test Items- 



g^" r r^'lr: • Fill\itf the "following blanks:-' 

" : (a')~ 7- -kilometers - \_ 
(b) 265 millimeters = 



.* wters . 



* ". 

3f* 



(c) . 2178 centimeters 

(d) ' 635 centimeters = 



. \ 4 _ kilomeijers^ 

. millimeters • 

. kilometers . 



2. * Write down th6 first* f ive„su<2cessive estimate inequalities, 1 
% form,' to»the following* length measures: ~ j 
■^VW ' 9^297*73- 



■ IX 

1: ; 



decimal 



°3. ' Write *he "inequality implied by the following "measure st>atemenf : 
^ „.m is -approximately £.6 • » , * 

k*. Write' these numbers in a £orm 'that^ does not. contain exponents. * 



3 • 



Ca) 36.7^5 X 10* = J_ 
(b) 3.2X10~ 3 -= 



Write the following numbers in scientific notation 



• (a) S,575,000 =_ 

(b) .OOO893 ^ ^ 

(c) 3-47 



•^1 







Carry, out .the indicated multiplications and; write the answer iof 
'0$*$*' '* scientific- notatiotf. >\» ' • *' ' x - * * 

a^ r ^ ? f, n v v 



f^;i^;Ct> *7> -3>?av a number line representing t,he first 10 counting numbers and 



' locate 'the'- following, points' on it 



< 



"1 , > 



. t . \* \ v \w\: ' • * v. .*v 



tfe#: : :g^^Answej g to Sample !Test Items 



4 t • 



: r 

■1 



a), 7000 
»' ^000^65 km 
21780 am 
.60635 tan 

' f 94 < ra < 95 
, J .94.1 < m < 94.2 
. ' 1 ",94.12 < k < '£4. 13 
94*129 <m < 94.130 
1 94.1297 < n < 9^-1298 



(a) 



3- 



< 8.65 , 

"(a) '367,^50 ■ 
(b) .0*332 ^ 

(a) 
(b) 



PSr r*.5. (a) 6.575 x 10 



rife 



/6. 



8.93 x 10" 



(c) 3-V7 * 10 C 
31.82 x lb 2 - 



(b) 



V 



J I 



■J. «_L 
■3 *T 



' I 2 



4 

1^ 



723 8^ 



■ : -m 



r- 



4 5. 6 7 8 S 10 



4.2 < m,<? 4.3 
" , -4.-25 <~m^*4.26 
"4'.250 <-m'< 4.251 ' 
4.2500 < u < 4.25OI ^ 



5$ 



If?:-':- 



51 



58 



'■ 4.*' - f, 4 




r- ... 



REMTIONS , FUNCTIONS AND GRAPHING 



4- 



\S*J?k. : - 



3.1) Introduction . * ' % \ 

In this chapter, 'three ma'thematical" concepts are developed: (l) the 
* * • \ * t % \ - • % ♦ 

definition of a relation , , (2) .the definition of a function , and (3) graph'- 

ihg o^Ler, , pairs by a coordinate system in a plane. In addition to these 

three * concepts, it is hoped* that the student will gain a strong feeling for 

• / * V . ■ -* 

the; meaning of the domain and range of relations and functions^ 



QMs material is developed with the aid of two rather simple^experiments: 
l) the cantilever of books, and (2) the graduating of an irregular bottle'* 
£ v „ . de first experiment deals with a function whose^ange and domain are* discrete* .„ 
V.-?w-/ _-?&e second experiment develops a function which is continuous. It is possible, 

L to consider fractions of glugs, and therefore, intermedia^^points can be \ 
pJ^,^jB^und« *Both- experiments should point out to the student a needto consider 
^7^..^Vejry. carefully all. limitations placed upon the domain and range ol a function 
|p|*. -or a relation. c » • ; ' 0 ' ■ 1 ' \ .v. ' 

. . A good reference for. relations , functions, domain, range and mappings 
♦aCL* - he found in Principles of Mathematics. Allendoerfer and Oakley, ^McGraw-Hill, 

ilSPw.1963, .Chapter 6\ ' / .. * '%-f > ' ^ V . 



As in all. experiments , students 



should 




Id use^cag'e ,in o^tainin^ .data from. 
# * uring/ in xeading results ^ 



more satisfying results . 

^Svv ^ ^ ' Students /should .be cautioned to keep their data since it will be used \ ** a * 
fe^^Uin "subsequent sections and*,chapters*' Since the data is to^be.,r.etaineS, ±\ * \ 
; $£^;4 - would be well to put fPKri^such a" form- that it will be intelligible at a 



3eric.'^v"' :: h 



-'/'(Name units>* . 


,j Range ■ 
•'X*Name units) 



















Figure '1 // 



4f| 



53. 



59 



^ 



.4 . 



Orderecl^Pairs 

Tn€ 



. - *«e emphasis in this section is on .ordering pairs of things. The practice 
^ ^d,developrae/it of ordering numbers and things, as expressed in this chapter, 
should make it seem very natural to tihe student* The following* example Is 
„ A 4 Vfery close"\to graphing, and *care must tjef used not to develop t'his point too 
J'tar:. Graphs will he carefully developed in subsequent sections. 

The ^position - of students In the classroom as expressed in row and ^eat 
. numbers is a set of ordered pairs that can readily he used as „an example. % 
Row 2 seat ? might- he the seat that -John occupies, Row 3 seat h the seat as* 




signed to Jim, and row 5 seat 2 is Tom's seat* As ordered pairs these might, 
• he written as (2,5), (3,*0 and ("5,2), It must he noted that unless the impor- 
tance of order is stressed, the positions of John and Tom could be cotffused. 
Order/ then, is a necessity if consistent, understanding and agreement is to he 
reached. Note, too, that this set of ordered ; pairs does not constitute a mean- 
ingful relation/ - ' , 
- ^ « & \ 

** Supplementary material jnay Ife found in „ i 

..."Mathematics for Junior High, School", Volume- 2, Part* 1, SMSG^ :/ j 

- ".Exploring Modern Mathematics' 1 ', Book 2, Keedy, Jamesdh and * 
• Johnson, Halt, Rinehart* and Winston, 19^3; - 

and many other tpoks* / * ■ ft 



1^4 . 



3.3 Relations . 



— In the text, a- relation is -deSined^-as* a s'eTlTf "ordered pairs. This may 
. seem strange. Ifcwever, We note that a set'M of ordered pairs "defines a fela-" _ 
%jLon R in the following fashion. \ R Y, (X is related to Y), ^.s- true" if there 
is an element of M having\X as its', first member and Y as its second 'member; r 
atherwise, X R Y ik.falsyg. The set of first .elements* of the ordered pairs in' 
MTis the domain , and the set of second elements is the range. - The relation 

f&ic. ^ . , For example, if.R is the relation "less than" (<:) and X is the^et * ? 

, . real numbers, then 2 fC 3 is meaningful and true. * More generally* this rela- 
£ion is the set of ordered pairs ^contained in the coordinate plane between the . 



dine x = y. and the positive x-fexls. 



. v 
V 



0 

!RIC 




f»-?1 '35 



Make a s &et of ordered pairs 



If 



Exercise I \ { ^ , ' 

by assigning to each s SIRm|h of a / leap y$ar 



„e member of days it contains. - * 
(a) how raa£y ordered pairs are in the set? 



.: ? 



/He 



/How many elements are in the domain of t&e ^relation? 
$c) [Write £he set of elements irf the range of the relay on ,\ 



{■Hixtf/ In a set an element is^listed oi&y once.} 
How many elements are in the range of the relation? 



1 



(July, 31 days) 
(August, 31 days) 
(September, 30- days) 
(0ctober,^31 days) 
» (November, 30 days) 
(December, 31 days) 



There are 12 ordered pairs in the set. 

There are 12 elements in the domain of the relations'. 



* fjaxfu&ry, 31 days) - 
(February, 29 days) 
.(March, 31 days) 
(April, 30 days) w 
(May, 31 days) 
(June/ 30 days) 
; (a) 

-I (b) 

January, February, J-tarch, etc. • ' 
(c) Si*<6f elements in the range:. {29, 30, 31} 
(£) . There are 3 elements in the range of .the relation. 

^Sfupposeve had used the year following a leap year in Problem 1 
Would you Wave answered Problems l(a - d), any differently?. -Why 
Yes. l(c) would have been answered differently,- since the 
set of elements in the range would^ be ^(28, 30, 3l)« ' * 
^February has. 28 days/ except during a le^ year. ^ ^ 

3* frttfEtoe dtanaiir-df a c erta in ' relation is* tfee set~{»7/10j 22, ' l}^ the range is 



the set (B,. C, A, D} . r Fran thi's information form one relation*having 



/ 



five ordered pa 



nd one relamon having seven* ordered pairs, 



There are many relations that pan^bs obtained • from titter in- 



formation. given 
many. 



In 



Problejn . 3 . These answers are two of the 



r Se? 



.£(7,B)/(7,C),-(1^C), (.^,A), (lTD)}^ 

^'t(7*,B), (io,b)^ ,(Ta), (io,a),T7^',/io,c), (7>)} > r? ~~ 

.Use the^dndex in the bacjt qf one of your .texts to obtain ordered pairs. 
List four ordered pairs where different elements of the domain 
share the same element of the ran#e. - 

List four ordered pairs where different elements of the range \ . 
are assigned to the^ same element of the domain. 



7T 



(.) 



11* 



55 



61 



i I i 

' : • , ! * ■ 

The SMSG text Mathematics toy Junior High School' , Volume 

Part II, was used to illustrate a- possible solution to this 

1 - i* * 

exercise. < \ 

(a) (additive inverse, .237) j (multiplicative inverse, 237 
(repeating decimal, 2^7), ( terminating, decimal/.gV?) „ 

(b) (exponent, 121), (exponent, 126), (exponent, 129), 




1 (exponent, 1^9) * 

Gfiven the following sets of ordered pairs: 

(a) [1, [k, 2}, {5, 2}, (6, 3), (7, -3) 

(b) (0, 0},'(1, 0}, [2, 0}, (3, 0} 
determine, the -domain anci range! 

(a) , Domain (l, k, 5, 6, 7). Range {2, 3) 

(b) Domain [0, 1, 2, 3)- ' Range [0) 



/ 



3'^ An Experiment (Cantilever experiment) 

The cantilever experiment requires the following materials for each 
group of stude' 



fl£ff 



'5 identical books 
or 

5 Identical boards 

1 fo^t ruler., with metric scale 



If boots are use*/ they' should' "have* hard' covers. Paper covered or soft /^poles' 
will t: bend and, therefore, are not suitable for this expeVimeatf. ' ' 

Although balancing the books, is not too difficult*, the student may exper- 
ience some trouble making a"n accurate measurement of the overhang.^ It may be 
much simpler for him to. measure to thp nearest centimeter. The ruler can be 
placed with its end against the edge of . the* table under the*bottom book. A 
second ruler, or plumb, can be hung clos,e to the top book tfo give its projection 
oh* tfiVmeastiring' ruler! TBiis iY Illustrated fn^Pigiire "27"] T " n ' ^ ; " ^ " ] 



~1 



6 2 , * 6 



plumb 



* Figure 2 ^ - s 

•) * Emphasize to the student -that the numbers used in the text are only ex- 
amples . 

for the data depends 'on^many factors . 



The numbers the student obtains will differ from the example given 



Finally, it should be noted that the second numbers of the ordered pairs 
are not obvious, and prejudging the results will usually lead to error. ^ 



3-5 Graphing of Ordered Pairs % 

^fore/la{^qhing^into this^ section, it' would- be well to * determine student 
understanding of coordinates and of the real numbers." 

• • • • *. - 

Most students^ will already know that a coordinate is a point on the^ num- 
ber line associated with-* particular value. He must .also recognize that the 
' number must- tell, froth thSe distance and direction of the point from the O-point 
, if Jt is to completely fulfill the c6hditicfas necessary for a coordinate. 

[ set. of all numbers which are associated jwlth points on r the_ number 

line mfty^be called the set of real numbeis. Here the direction from the 
p-p<^int differentiates between the negat/ve real numbers and the positive 
real numbers. » 00 

*'For further discussion of the topics, refer to 

"Mathematics for the Elementary School' 1 , Grade -6 Parts '1 and "IT , SMSG; — 



., ^ "First Course in'Algebra", Parts I and II, SMSG; 

te- '"" "Mathematics -For Junior' High School", Volume 2,Part I, SMSG. 



Exercise 2 ■ • 1 

Graph (by drawing arrows from one number lin/to another) each of the follow- 
ing sets of ordered pairs. _ 
1. {(l,l)/(2,3), (3,6), ih K V>), (5,15)3 



5*" 



(a) 
(b) 
(c) 



What are the elements- of the domain? ^ 
What are the -elements of the range? _ 

If a relation contained the above ordered pairs, and if the number 6 . 
were also- an element Ai the domain of this relation, what would you 
guess Tor th^ corresponding element in the range if the same pattern 
were repeated? 

(a) domain: (1,2,3, ,5 J 

(b) range:" (1,3,6,10,151 

(c) 21 could be -a good^ guess 
since the graph shows that , 
the difference of the ele- ■ . 

4 

ments in the rang? for 
succeeding -order pairs in- 
creases by one as the f 
element in the'd&nain 
increases by a value of 
one . 




((1,1),. (2,2), (3,3), (M)/<5,5)> 
^»(a) 



'(b) 
(c) 



What are the elements of the domain? ( 

< a 

What are the elements of the range?;. 

I the 'ordered pair (6,6) also an element in the set 'defined by* 
this relation?' Why? 



10" 

. 9" 
8 

7" 

6 : - 
5 

3 
2 
1 



■-10 

. ;v2- 

■- 8, 
1 < 7' 
■■■ 6 
5 



-*»"• 3 

2 

-»<■■ 1 
■- 0 



Ua) domain: Cl",2,3A,5) 
' XiT range:' ' {I,2,"?,U,5T* " 
(c) No. The element 6 is not 
' contained in either the set 
of elements of the domain or 
the set of elements of the 
range . 



{(1,3),J2,2), <3,3), (M), (5,3), (5,2)} .* 

(a) What are the elements o£ the domain? ' 

(b) What are the elements of the range? 

(c) If a relati onjj^ontained the above ordered ^girs and if "the 
number If were also an element in the domain of tjhis rela- 
tion, what would you guess for the corresponding element in 

*° the range if the same pattern were continued? 

(d) " If the number 8 were an element 1 in the domain of a relation 

'similar to that describe^ in part (c), what would you guess 
* 'for the corresponding element in the range if the s^me pat- 
tern were#c6ntinuea? 

(e) State a rule for writing ordered pairs "belonging to a rela- 
tion similar to parts (c) and (d) if the domain, were the 

counting numbers 1 through IOC?'. 




domain: {1,2, $,k,5, 6} 
range: {2,3} 



(a) 
(b) 

(c) ' 3 

(d) 2 

( e) If the element of the" domain 
is an even <numbar , then the 
element of tfre range assigned 
to it is the number 2~ If 
the element of the domain is 
anT odd number , then the* 

- . element ,cxf- the. rangeiassigned 
to it is the number 3- 

{(3,1), (2,2), U,a), U,M, (a,5), (3,6)} 

(g) What N are the elements of the domain? 

(b) What are the elements of the range? 

(c) If a relation contained the above ordered pairs, ^nd if the- 
number h were, also "in the domain of this relation, what 1 
would £ou guess for the corresponding element in the range 
if the same pattern were continued? 



65 ' 



1M« 



'4 t 




J- 6 ( '.(a) domain: (1,2,3). 
r- 5 



<b) range: {1,2,3,^,5,6} 
(c) 0 or 7 



Each of the following graphs, (5 - 10), defines a relation. List a set 
of ordered pairs' which defines the same relation. List -the domain and 
the range for each relation- 

5. 6. \ 




IT 



The ordered pairs arer 
(3©,85)^(^o,90)/ (50,105), C6o,l20), 

(70,iUo) ; • . 

.domain: |30,^0,50,60,70) 
^ range: (85,90,105, 12ft, lAO I 




The ordered pairs are: • , 

' ( 9,2) ( i2,|) \ . O^xXf JM^ . ^ 

(21,f), (2*,|)'. 

domain: (9,12,15,18,21^). ,' 
range: (2,|,1,|,J, J) . 



> » 



ERiC 



60 



\ 60 * 




I. 



^The ordered pairs are": 
, j(h^), (l.l,^), (1.2,2. k), 
j (i.3,2.3), (l.U,2.6), (l.5£.3), 
; ' (1.6,^7), (1-7,2.5) 
• ': domain: {1,1.1,1.2,1. 3, l.U, 1-5, 1-.6, 

J" range: (2.2,2.3,2. U,2.5,2."fe,2J} 

'. ' 9-- 



' . 5.- 




-■ i. 



n 



,The ordered pairs are: 



(3,i«6)/(*5i.2)r, (U,1.8) 
"% . I radge: .£1,1.3,1.6,1.8) 





196V 



1962 



i960 



The ordered pairs are: 
(.50,1960), (.50,1961)', (.51,1962) 
(.52,1963), (-53,196U), (.5^,1965) 
domain: { -50, -51, -52, -53, -5^) ' 
range: {1960,1961,1962,1963,196!+, 
1965) ' • 




!- ERJC\,« ••' 



V 

v.- 



61 



The ordered pairs are: ' 
(2,3), .(U,3), (6,7), (8,7), (10,11) 
.(12,11) < 

^n) (2,U,6,8,ld,i2}- , 
range:" (3^7, 11 3 , 

'67 ■ f -m ' 




3.6 . P^cttLoftt » ,! . j 

r - ! , ! 1 I 1 ' I 1 - , ' 

This section treats one{ of the rjiost important and basic ideas in v math- 
^eraatics, — the idea of a function. Previous sections have laid the ground - 
work. The* ideja of a. function is simple, and should he. Readily accepted by 
the stude&t. * The concept of "a function *wi 11 be used extensively in the forth 
coming chapter. j * * 

An extension of the definition jof function, Vs the idea of associating x 
elements from one sei with those of another set^ V^j^ 

Given. a set of numbers and a rule which assigns *to each number 

of this set exactly one number, the resulting association of 

numbers is- called a function . The given set is called the 

d omain of definition of the function, and the set of assigned^ , 

1 7— r *" . ' 

numbers %s called the range pf the function. ** ' . * 

The definition of. function which we have given, is, strictly speaking* 
a definition o£ real function since we have restricted the aomair? and range 
*to real numbers. ,In la^er courses, the student will meet more genera]]^ypes 
jf functions in which the domain and range can be sets other than* sets of 
real numbers. Such" a function might, for example, have sets of points in 
the plane as its domain of definition. 

In the discussion about functions, it is important to»emphasize at 
every opportunity the following points: 

(l) r Jio each numfrer in the domain of definition, the function assigns ,one 
' and only one number from the range. In other* words, we do not have 
*"multi pie-valued" functions . .However, the same number can* be assigned 
to many different elements of the domain. m 

X'2) The essential idea of function is found in the actual association < 
from numbers in the domain to numbers in the range and not in 'the 
particular way in which the association happens to be described,. * * 

(3^ "Always speak "of tfie ^association as freing° f^5m the. Sdma'i'ri* t<5~ the"*" 7 i 
range. This helps fix' the correct idea that we are dealing with 
,Van ordered pairing of numbers in tfhich the^^wiber Trom the domain 
' is mentioned fir&£*an£ the assigned number from the. range is men- 0/ 
tioned second. . ' 0 * 

(k) Noi? all functions can be represented by algebraic expressions. 



Although the above .points are^hot, absolutely vital as far as elementary 
work with functions is concerned, they become oT , central* importance later.* 
Also, many of the difficulties which students;, have with the idea of function 
can be traced to confusion on tries e matters. Therefore, it becomes - important 
to make certain that the student understands these points from, his .very first 
contact with the function concept. * > ? 

. . ' . >^ • " ' •■ : ; : „ 

* . V Exercise 3_ - , i. 

Define a function which is suggested T)y -the phrases in Problems 1-7. 
, Be sure to specify the domain ^and the range of each function. 

1. ' {(1,2), (2,3), (3,^, (4,5), b;6), ...} 

{Hint: ' Th$ symbol, . ../„#sed in this manner, means 'that the 
ordered p§irs -Continue indefinitely according to the 
pattern suggested*} 



r 



S^t o^all^counting number^ is the domain. 

Set of all counting numbers except 1 is the range. 

2. • {(1,1); (2,10, (3/9), (*,16), (5,25), ...) ,. ,• 

Set of all counting numbers is" the domain.^ 
' , * Set of all squares of the counting numbers the r*rf?ge. 

3* Election returns' 

Set of all candidates is the domain. 
• . Set of all votes cast is the range* • u * " 

*K* Area of triangles , * 

* . t 

Set of all-wtriangles is the domain. 

Set of all areas is .the ran^e. - , * 

5. People's first names ' ; 



/J 



V 



Setr of all people # th£" domain. 
Set of all first names i*s the range. 

With esich positive ^.nteger associate its ronainder after division by 5 
{Example:* 1 + 5 = 0 > remainder 1, -hence, (1,1)} 
J # 

Se* of all posixive integers is the domain, 
range: *{i,2,3,4,0} . * 

• \ r : 



\ 



V 



%9- 



7, Associate with each length of the diameter of a circle the length of 
the circumference bf .the corresponding circle. 

* Set of all positive numbers is Xhe domain* 

< *\ • ~ v «* * 

Set of <all positive numbers is the.range. 

• * r \ / 

*\8. . Ike cost of mailing a letter is determined from the, weight of the 
letter ^as follows:' it is 5^ per ounce plu£ 5^ for any fraetion*of 
an ounce. 



Does this describe a function? Why? ^ ^ J ' > 

• What is the domain? ' N - 

(Note that the Post Office will not accept a first class package 
which weighs more than 20 pounds . ) - 
What is the range? 

.Complete the following ordered "pairs in'this relation: (domain^, 
is given in ounces) t 

.' ' fc.7,_J ), ' (5, ZJ, (19.2-;";'" ~ ••) 

A function is described because one and only one , element 
of the range is assigned to each element 'of the domain. 



The set of* all positive numbers less -than or equal^to 20 
is the domain. s 



/ ♦ 



The set oi all positive multiples of 5 is the range* 
' ' '(3.7,20), *(5,25)>\ (iSteAOO) 

3*7 More Graphing (The Irregular Bojtle Experiment) ^ 

The irregular bottle experiment requires the following material /for each 
«group of students. . 

*>» 1 rirregulai^shaped bottle 

u * 1 plastic pill bottle. 

1 rbj.1 Magic mending tape . \ , . 

» 1 foot ruler with metric scaj.e 

? 1 ****10 can or equivalents 

^ The experiment to be performed in. this section provides an opportunity 

for the student to* diS9over that there are different kind's of data to be , 
»» ' • - * * ■ - • * 

. obtained from experiments. In the cantilever o~f books experiment, sets , of 

ordered pairs were obtained. The values were' discrete. No part books,,. were 

used, nor-can be inferred from the 'data obtained. "Thid is, not true of the 



second experiment in this section." Parts of "glugs" cou^d either be used* in 
the* experiment 4or inferred from the resulting £g£a\ To make this difference 
' more meaningful to the student, both experiments must 'be completed/ 

■ * ' ' \ . < 

" At -this point the student first encounters the idea of a continuous 

function. , I^tudents intuitively discover .the idea of physical continuity 
and desire to pursue the matter, furt/ner discuss ion* would not be inappropriate. 
It would be necessary to have the student w find other sets of ordered pairs 
* and then group them as to continuous or discfete relations. The Wick Experi- 
ment, which is described below, provides another example* of a continuous 
function. However, physical continuity need not be discussed at^this point. 
It may well be introduced at a later time; , > 

The equipment 'for this .second experiment should o'e kept as simple as 
possible. . Two bottles are needed. One should be a salad dressing, vegetable 
ojl, coke, or other irregularly shaped bottle. The contour of this bottle ; 
is very^ignificant in that it determines the kind of a curve to be graphed 
in a later section of'the text ^f rom the data^ obtained in this experiment. 
The more complex bottle cdntour will provide'^ the more interesting graph. 
The s-ecend -bottle/ »a small bottle to *be 'used! as the "glug", -is often readily 
available in the student's home. Also, a small plastic bottle with a^volume 
of about 22 cc can often be 6btained from th^e- local druggist. Scotch ifiagic 
mending tape or a masking tape provide good tapes to be used.. Students 
should be cautioned to mark the tapes carefully.. , - 

THE .WICK EXPERIMENT: [ 

The following experiment can be used'as an alternate. to the irregular 
bottle experiment in this section, or as a supplementary experiment which - 
can bet|done by students who have extra time. It is also simple enough that 
the students can do it at home. .The results are usually quite good and make 
; , an excellent graphs \ - 

/■ Materials required : 

paper* towel . paper clip * 

ruler ' . clock or watch with 

cup, glass, -or jar a' second hand 

Scotch t tape * ' 

, . - » ' ' ' 

Description of the experiment : ' . 

- <- 

* " Prom a paper towel cut out a strip one inch wide by about eight to ten 
inches long. Draw a pencil line -across the strip two or ^thye e^gentimeters 

4 



: S? 



1 >f/om one end. Draw pencil lines one centimeter apart starting from this line. 
' Jjboutr.ten* lines will be sufficient. These lines should he numbered (also in 
pencil) with the jjirst. line starting at zero. Some care is needed in drawing 
and, writing on the paper towel since it will tear quite easily. 

Put some water in? the jar. Fasten a paper clip to the l?yer * .*fi^ th - e 

paper strip in the jar so tha> the "zero"' line is exactly even with the 

surface of the water Fasten" it at'' this height with the Scotch tape. On the 

record sheet, flote down the time this is done opposite the number zero. It is 

* . n - - 

most convenient to do this exactly at an even minute, to simplify later compu- 

\ *". 

tations . ■* * 

Record the time that the water rises to each line., Th'e'water level is 
seen most easily if the jar.is placed against a dark background with the light 
coming, from Jbehind the viewer. The time .should be recorded^ to the nearest 
quarter of a minute. The water usually, does' not rise exactly evenly and there 
is -often some uncertainty about tSe exact time when the water reaches' a given 
line. One "way of judging this* is to record the time of the quarter minute 
immediately before the ".first detectable water appears above the line (for this 
reason, ±ir would be best to place tlje numbers below the lines). 

• The wicking rate of paper towels vary, but the roll fcvpe, commonly used 
in home kitchens, is such that the water will rise about nine centimeters - in 
half an hour. If this experiment is done in class, it would be wise to try it 
beforehand to~ determine how long thejavailable paper towels would take. Seven 
or eight values wi£L suffice for this experiment \ If class * periods are short,- 
the paper strips can be prepared beforehand so that the experiment proper can 
start near the beginning'of the period. ^ < . J? - * 

After all the data has been re- t » 
corded, another ✓column should be 
computed, showing the time from the 
start of the experiment required for 
the water to rise to the given level. 
A graph should then -be prepared from 
this data. 
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>" " . In the. chart given below/ Ve show typical data which might be obtained, 
.and also -the graph which would"*be Dreparfed from this data. ■ " 

• Time after-' 



Line v 

"2 

k 

5 

. 6 

7 

8 ' 



Time 
9:20:00- 
$:20:^5 
9:22:00 
9:2^30 
*9:26-J*5 
9:30:30 
9:35iCX) 
9^*0:15 
9:^6:30 



\ 




3ii the next ^section we will Introduce ^rectangular coordinates for graph* 
; ing. This same data' graphed on *rect angular- coordinates looks like this. 



time* 
; in 
Minutes 



20 



10 
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If you get student questions, you siiould know that this is a quadratic 
curve J The student might find it interesting to graph the time required for 
the water to rise through each individual interval. This gives a linear 
gj^aph. 



3.8 A coordinate system in a plane 

The^rectangular coordinate* system^is introduced at this point sinpe 

'graphs are used extensively in the next chapter to display relations v 

* * * 

* ' ■ * 

There are two ideas used in this section which may b$ unf amlliar* to the 

student: These are perpendicular lines and negative numbers. 'There should he 
^little trouble for the student if perpendicular lihes ar^defined as any two 
lines which form a right angle. - • 

Negative numbers will take a little more &plauat'ion." Only a yer^r short 
explanation should he necessary, however, since ViQt many operations involving 
negative numbers will he encountered. It is natural to use an extension of . 
the number line to provide geometric reality and an intuitive feel for nega- 
tive numhers. The idea of distance (or of* points) along^aline on opposite 
sides of a fixed point occurs frequently and caa be used to fix these ideas. 
This lias already "been discussed in Section ^.5 in relation to coordinates and 
'real numbers, A number line .representing temperature provides an excellent * 
example. 'Altitudes above ahd^lfelow sea level, location south and north of a" ^ 
given point are other possible examples. 'The order of rational numhers on the 
numher line .should he introduced. It is. valuable to develop a natural accept- 
ance of the fact that "is less than" me^ns the same as "precedes on the- numher 
1 line" . To say that one numher "is greater than" another mean^ simply that the 
one "follows" the other on the numher line. * % 

Jou will notice that in the discussion 'of the coordinate system in a 
plane care was taken not to overemphasize the x-axis or the y-axis. It' was 
desired to give the student the feeling that the label attached to the hori- 
zontal axis and to the vertical axis would be dependent upon the sets which 
represent the domain and the range of the relation being graphed/ 

The fact that 'the horizontal axis is ifsecD*to represent the 'domain is 
merely a convention and tfhould be recognized as such. In sdme cases it may 
even be desirable' to interchange the axis of the domain* with the axis Of the 
''range. For example, if air, temperature is to be plotted as a function of 
height, a stronger feeling /for the phyeical situation may be gained by — 



I* 



plotting h&fght 



oflg the vertical 



Ls instead ofitl 



e horizontal axis. ^ 

, v . * , > : ' f If * ' :* ) 

It would.Jbe most .desirable to keep the vocabulary as simple as possible. 

Such words as abscissa, ordinate an<£ variable havAiaot been used for this * 

- . ¥f * *<n 

reason. Also, the word variable introduces a geneisally obscure feeling for 
* * > w if • * 

its de£ikition. Be^trand Russell, wftb probably investigated the. aspects of 

variables rajbre thorQughly ,thaa anyone before him, said: "Variable is perhaps 

the most distinctly mathematical of all notions, it is certainly also one of 

"the_most difficult to understand • . and ih the present work ( Tfoe Principles f ' 

of Mathematics ,' 1903} a satisfactory theory es to its J " 1 

much^discussiort, will hardly be found." ^ 



na/fi 



ure, in spite of 



In classrooms where coordinate boards are not available, it is possible '% ^ 

, • i • -* ' W ^> % M 

to make a semi -permanent coordinate board. Soak hard white chalk in a solu- . & \ 

■» t 5 f 

tion of sugar water for about 20 minutes. Using the wet c^alk, carefu^lly^draw 1^ 
"the axes and* as many other lines as are deemed necessary. Wet the chalk often 
as the lines are being drawn. When dry this should provide lines that wil^. ^ 
not easily erase. When desired, they jian be removed with a damp rag. 

Ordered pairs caix.be plotted on this board with regular chalk. Lines „ - ' ' 

and points can be drawn ; on this board and erased from it^without disturbing ^ "~ ^ 
the* original lines •„< " 11 



Exercise k ** 

'Oh squared graptopapev draw a pair of axes and* label them. * Indicate 
the coordinate alstem on/ each axis . 



(b) 



Sketch (with a straight edge) a line which .tfep^esen^ the * 
set of points whose horizontal coordinate is 5. 



On the same .coordinate plane sketch a line which represents- 
the set; of points whose vertical coordinate is 5. 

(c) , How many points do these 'two sets have, in common? 

(d) Writi as an ordered pair the coordinates of every point of 
intersection of the sets graifhed^in (a) and (b) . . 
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Repeat Problem 1 for the set of points whose^hofizontal coordinate is 3 
t and the set of points whose^ertical coordinate is 8. -r 









t 








. J 








I II 






























(3 








































4 






» 


























































/ 








































































X- 




/ 
































































1 








»*• 


<; 






























































- - 




















































s. 












































K — 
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(c) The tyo 
sets 

, t !have; ' 
one 
point 
in 

common • j 

(d) '(3,8) " 
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TO 
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Cb) ' Da all the points in this set seem to lie on th^e sAne line? Yes; 

, .(c), What dqyou notice about the vertical cpordinate for each of the 
\ ■ » * • 

; points? - The vertical coordinate for each point is 0. 

^ (a) Plot the points in the following set: 

{(0*0), (0,-1), (0,1), (0,-2), (6,2), (0,-3), (0,3)} 
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(h) Do all the points named in this set seem to he on the same" line? 

Yes - * 
(c) What" do you notice ahout the horizontal coordinate ~|or eaqji of 

the points? Each point has the horizontal coordinate 0. 1 

Ca) Plot the points in the fallowing set: 
• it "{(0,8), {l,6)j.(2,h), (3,2), {h,0)L- 



X"b) Do all the* points named in this set seem /to lie on the same 
•Yes. . 



line?. 
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Is the point of intersection of tbe two sets^in Problem 12 the same 
point as the point of intersection of the^tvq sets .in frob%em 3?. 



No. *The domain in Exercise 2 is 5, 'while the doiiiaia r ' ^?*p:"^ 



in Exercise 3^is 8. • -The range in Exercise 2 is 8, 
while the rang'e in Exercise 3, is 3- ' ' * . JX* 

(ei). Plot on a? coordinate plane the following set of^ofnts,: 
{(di)/(-l,0), (1,0), " (-2/0)^.(2*0); &3JO)^0 # 9X3 
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< v 8.'J Wrife the coordinates of each point in the following graph as an ordered 



pair: % 




AOAO). BClljU) C(2,3) -B(-8,8) E(-5,5) F(5,-3) G(2,-5)« 
H(-10,-10) I(l6,-U) j(-i7,-3) K(0,-12) L(-l8,0) 



3 .9 Quadrants 



It is specified in the £ext that points with one or "both elements zero 

lie on the axes. Points on either, the x-axis orthe y-axis do not lie in a 

definite quadrant* Therefore, ''the quadrants do riot 'contain the axes or the ^ 
origin. • * 



1. 



tbcercise ^ % 

Given the following ordered pairs of* numbers, write the nuraher of the 
quadrant or the position on an axis in which you find the point repre- 
sented "by each of these ordered pairs: , 



(a) 


(3,5> " I . ' 


(g) 


(-3,-1) 


III 


■ » 


(2^-4) IV 


00 


(-5,1) II ' 


(h). 


(7,-1) 


IV 


■ (n) 


(5,2) * I 


to) 


(1,-*) IV - 


(i) 


(8,6) 


I 


(0) 


(-3,0) negative 


(a) 




(3\ 


(3,-2) 


IV 




horizontal axis 


(e) 


(0,0) origin 


^(k) 


(-3,--5)- 


III 


. (P) 


G-U,-5)' in # 




(0,5) positive 


' (1> 


M,3) 


II 


. (q) 


(-1,2) ■ n- • 


vertical axis 








(r) 


(3,-1) iv 
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3'.10 Graphing an Experiment* ^ > . * - 

1 .There are a number of items that should *be emphasized in the graphing 

X ' x 9 

of, these experimental points. Since the data contains no negative jnumbers, 
it' is necessary to display only .the first quadrant. Students should decid4 
on a scale which will graph the ordered pairs over most o^ the pagel Further,' 
it would be most convenient if everyone uses this same scale. The large scale 
is especially important when i^s necessary to draw the "best straight line", 
or, later, wh^n it is necessary to draw the "best curve". If a small scale is 
chosen, the points AriLll be confined to a small area of the page. In\a small # 
area -it is difficult to draw a "best" straight line. \ I 



* If the experiment has been^ performed" carefully and somewhat accurate 
data obtained, it is not difficult to fit a good line (or curve) to the data. 
If some points are obviously out of place, perhaps due to incorrectly reading 
a s<:alef the student should be advised to ignore this point in fitting the 
curve. 

The data from the two experiments with which we have been concerned in 
this chapter express relations which differ from one anoth.er in fundamentals . 
In the cantilever of books it makes no physical sense t<| cut the books into 
part oooks. There ar^o values of the domain between the integers and hence ^ 
the five ordered pairs are a compl^e^set. In addition, it makes 1 no physical 
sense to extend -the domain to larger values, for there is a maximum. Nor is 
there/ any meaning to negative values' in this data. The student must recognize 
that conne^^Q gjthe points or' extending the graph is not meaningful^ 

On the -other hand, in the irregular bottle experiment it is meaningful 
to talk of parts of glugs or more glugs. If, the volume of the bottle is \ 
greater, more glugs can be added. There is, however, a maximum. As in the 
cantilever of books ^experiment, negative glugs have no meaning, and there 
can be *no extension*^ other quadrants. '* 

Although we examined the domain and range of the relation on physical 
grounds, it is necessary to be aware of them in nonphysical cases. The 
student must be made to reali&e that ihe relation or function carries with 'it 
a. statement of the domain and range over which the relation is valid. 



Exercise 6 



1, In an experiment a solid material was heated over a burner, an^the ,J 

temperature was recorded as a function of the time it took the material 

«to reach a definite temperature. Let the domain be the Set of all times 
* 

V* 80'' . * 




PI 



ft 




4 . t 

minutes plater .and the range 



1 fr<sm*the beginning of t#£ experiment >to 
be the set of ' all temperatures, :&om ^0°C to*200^C.i 

(a) Draw a horizohi^llnd^ vertical axis and pljicejkhe appropriate labels 
for the domain' and^ran^e^on these axes. • ° » 

(b) Mark the domain onfjthe horizontal axi^wiUh a| hea^y dark line as in 
Figure '21. , - : ; - \ 

(c) Markr-tKe range on the vertical axis. 

(d) Plot the following* oitfwed'paiiss which tl\e "scientist" collected* 
when doing the "Experiment:' ' (0,20), (f,bO), (h,60), (6,80), (8,8l), 

% 1(10,82), ( 12*83^,4 lM20>, (l6*,lo0), (18,200). j 
'(e) Connect these points with a "smooth" 5 curve. . 

(f ) What temperature would you predic^ for the material 9$^e/4ollowin£ 
/ ^ times: 1 minute, 5 minutes/ 9 minutes / IT minutes? 
ig) At what time would you predict the material would have the following 
temperatures 10° C f ,100°C, 150°jC, . l80^C? 



U 

-P 
CO 

U 

8< 



200 

180 
160 

120 

locr 
80, 

' 6o' 



1 1 1 1 1 1 1 1 

/r (a), (M,V(e), (d), a 
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V time (min.) 



(f) 30°C at 1 minute, 70°C at 5 m£i)utes, 8l.5°C at 9 minutes, $2| 0 C at ' 
, 11 minutes ^^^-^ • f ' 

(g) 50°C at 3 minutes, 100°C at/l^inujes, i50°C at 1^ minutes, l80°C 
I at ( 17 miHutes^, ' ' ^^-^ - - " " / J 



/ > 



The following' graph was dra|m from in|ormation geXb&edrm an' experiment 
dealing with. a ■ball thrown^nto^the air. ' The height £|fthe. tkLl above 
the ground was 'plotted as 'a function of the time'^t^k the. /ball ; tq 
reach a definite height* 0 ^C// . v fc 

(a') What is' the domain of this 
function? m ■ 

Set'of times in»'sec<5h^s 

'*tb) What is the range of j this 

function*^ ,>/'/. ; ' - 

• " - fri 

Set* of heights in feet 




time (sec) 



J/' ' 

(c) How high would you pVi&dict 
the l)all would b'e / /ter 5 " 

V £. 

l\ second? if' *t 

~ (dj How JpfSyhadi the balV been in upward flight when, it reached a 

h^M'o? 128 ft?. 
v 

s econds 

/(e) How long had 'the ba^ll 
height of 128 ft? 

k seconds 



been in flight when it descended to a ^ 

A* 



Of) Can anything meaningful be said concerning the, height of the 
ball after 10 seconds? .Explain. v . ' 

No, -since the bail fell to earth at 6 seconds. ^ K 



Sample Test Items 

The following is a list if "certain United States* 1 Presidents and their 
age$. aij the time of inauguration. Froifi this list make a set of ordered 
pairs*. ' ' 

George Washington- 57 years > John Mams 6l years; Thomas Jefferson 57- 
^ years; William Taft 51 years; 'Wbodrow Wilson 56 years; Franklin • 
Roosevelt $1 years; Harry Truman, 6*0 years. • * 

(a) Ordered Pairs * 

(b) How many ordered pairs are in, the set? • ^ 

(c) ♦ How many elements are in £he domain? 



(d) How many elements are in bhe range? 



(e) Jfhat is the^ame given «to a sat of ordered pairs? 



2. Find the missing elements in the domain and range in the following set^ 



of ordered pairs : ^ ' * 

{(3,1)/ (9,3), (I2^)*(^_,6)"(_ll,i), (i; ),(§,_)}. 

Tor the following graphs, write the set of ordered- pairs Which define 
the relation ' 



s 




(b) 



1.5 



J." 



•i ■- 




: 



4 3 

2 ' 
1 

0 ' 



, . . . \ ... 

i|. Which of the following sets o£ o^rdered pairs are.JFunctions ? 

(a) {(2,3),, (5,6), (0,1), (3^),'(*,5), (6,7)) 

jS .."(b) ((3,2),, (2,2), (9,»0, (7^), (U,?)V (5*2)* 

(c) ((2,1)', (3,»0, -(5,1}, (2,«0, (5,2)f.(M)) ' 

" * (d) ((2:5,2), (7.5,3), (1-5,2), (5-5,3); (3-5,2)) 

5- , * Which' of. the' following graphs represent a function? 





v. 



\ 




■2 



1 



fa-- 




V 



(e) 


(6,0) 


(f) 


/ -» mm \ 


(g) 


CO, -3) 


(h) 


(-2,-6) 



(a) (2,5) ~ 
{*)" • (3,-D* 
(c)'~ (-*,9) 
';('<!) (5§,8)< 

% Name the quadrant or the position on an axis in which is fourid the 

* * £oint represented by eajsh of the following ^ordered pairs':* * s 

* ' • 

'.(a) (5,7) "• ' (d) (-3,-8) "(g) 

(D) (-^,-2) , . (e) (-6,5) • 

(C) (2y-k) / (f) (A,3) (i) 



S3*..", -life' 



a*- 
ft/: 



# ■ 



(-2,0) 

Co4) 



Write the coordinates of each point in the following graph as an ordered 

i * 

pair.' . 

D. - . G. J.' \ 

e. , • h. , . 

p. * * I. ' 



A, 
B. 
C. 



;ric 



























I 










1 










* 




c 


























-■ 


C ( 


) 


















































1 






































o 




























































_t_ 






































> 






































































t-i 


















































































o 
















i 






















t- 
























































3 










— < 


























HE 












1 






p 


































1 




















1 






















































































-4 


















► — 








i 


2 


.3- 




5 






1 


































i 
















































































•J 






- 












> 


















• / 


























f 








! 


— 1 


a 




































































0 










; — « 




















































































* 




' A' 










1 




— r 




I 




































«r 




























\ 
































— 


i- 


f 

j 




) 




































t 








— r 


































































































•* 




1 






























— i 


Us- 


















































t' 










,.h - J 

? ; . f •{'»' M i 


I', :l 
1 i 




B ; 1 ,^ V^'* 


\ 

* 


M 





/ 10. 



As part of a* weather unit in science a student kfept a record of noonday 
^ temperatures for the first t^n days in December. The record follows. 
Draw a horizontal and' a vertical axis and place the appropriate labels 
for the domain and range on these axes. Then plot 'the infonnati'on re- 
corded by the student as ordered pairs. 



December 




2 


*3 


h 


%. 


.6 ' 


■ 7 


8 


'■9 


10 


Temperature 


38°F 


^5° 


U8° 


"32° 


30° 


k2° 


55° 


36° 




'ko° 



Several identical experimental rockets were fired toward outer Space. 
The height attained by each rocket before all fuel was burned was i*e- 
* corded as a function of the weight .of the fuel carried. Let the domain 
be the set of all weights of the fuel carried. Let the range be the 
heights attained* The following is ,the data which the scientistSv col- 
lected. ■ . 



, ; weight in pounds 
* 16/0OO 
12,000^ 
c 14,000 

16,000 
18,000 s 



height in miles 
20 
26 

• •> • 3U ■ 
kk 

?6 



1 



■*f 



(a) 



Draw a horizonta^ and* a vertical axis and place the appropriate 
labels for the 'domain and range on these sxes. 

(b) Plot .the ordered pairs which the scientists collected when doing 
-the experiment. *• 

(c) Connect these points with a "smooth 11 curve. 

(d) What height would you predict for another rocket carrying 15>000 
pourfds* of 'fuel? . j 



Answers to Sample Test Items 



.(a 



V (George^ Washington, 57) 
^(Jbhn Mams, 6l) I 
•'•(Ojhomas Jefferson, 57) 
(William Taft, 51) 
'£Woodrow Wilson, 56) 
(Franklin Roosevelt, 51) 
(Harry Truman, 60) 



(b) 7 
(c> 7 

(d) v 5 \ 0 

(e) relation, function ' 
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((3,1), (9,3), (12,1*), (18,6), (§,-|h (l,f), (f,f)) 
.First element is three times the second element. 

(a) ((0,1-1), (0, 1.1*), (2,1.6), <3,1.9), (5,2)) 

(b) (l§,2§), (2,l|), (3,'0) . " 
.a, b, d are. functions . * !i 

a and c represent functions* 
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(a) first quadrant 

(b) third quadrant . 

(c) fourth quadrant 

(d) third" quadrant ' 

(e) * second quadrant 
pf) ' ' s ectfnd quadrant 
(g) firs't quadrant 
(h») negative x-axis 

positive ^-axis ' 



u 

/>:■ 



M (5,3) 

3fc; 



.-(B) (9,0) 

(C) (/l,ll) 

(D) ,(#6) 

(E) *(-10,2) 

(F) X 1-3,0) 

(G) (-6,-5) 
'(H) ' (0i-8) 

(I)' (3 v ,-2)" 
(J) - ' (9,-13) 



r. 
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.Chapter h 
THE-LINEAR FUNCTION 



In this chapte^Jfhe major mathematical concepts which are presented 
are as follows: % . • - . . 

il) Graphing linear functions < '' 

- • (2) Representing linear functions as .English sentences" 
' ' (3) Expressing Linear 'functions as equations of the* form 

y = mx I 
- * (h) Slope of a Xirjaar function * 

(5) Linear functiwis which d~d not'contain the ordered pair (0 T ,0), 
and expressing these functions as equations of the form 
y =s mx + b . - 



.A 



; 7. • : 

4.1 Graphing Id near Functions Through the Origin 

w ' ~ « . r 

Students are led by examples like those cited in the first paragraphs 

of Section ,4.1 to realize the existence of simple direct proportions. The 

student then performs the cha^k-pencil experiment* The purpose of this, 

experiment' is to find out what the graph _of a direct proportion looks like. 

He discovers it is a straight line which approaches the origin. The fact 
* »x • • • « 

that it doesn f t actually contain the origin may not be immediately, obvious 

*- » ** 

-to the student. The length of the chalk expressed -in miles is approximately 

' 4.73 «X 10"^ miles whiie the length of the pencil expressed 'in miles is 

approximately 10.9 X 10"? miles. In scientific notation this would read 

1.09 X 10 . This gives an, ordered pair which for all practical purposes 

is*(0,0). Expressing these same i measures;. in, units* such as light-years would 

yield a new ordered pair which would stillf pot be (OjO) iDut^JIcn element 

of this ordered pair would be muci closer tp zero than the element of the 

ordered pair was^ when the unit, of measure was the m£ie. In a case such as- 



.th 



5^, -note that> the grapH of the function does not contain the orlgitt but 



f 



this grapfi'iSces approach the' origin as a limit. * r " ' t •/ 
, ; » Description of chalk-pencil experiment. • 

(a) Each student does this experiment individually. (Whenever students ' f 
wprJt in groups each one should' make his own data table arid graph . ) 



(b) Equipment needed.: » 

, ' v l unused stick' of chalk approximately 3" in length*. 

-1 upS^arpehed peneil' approximately 7" in length. 1 
10 or more items witji equally-spaced marks on- -then. A few not listed 
" • * in T&jaXe 1 of the text are: screen wir£, locket chain, grocery 

# store receipt. (These can be passed around, as -each student does not 
- 1 need ten of his own . ) ^ s 

(c) Remarks about- the experiment: " ' • 

**, # Student should be instructed, on the day preceding the experiment, 
to" look arqund his home for measuring scales. Any object or piece of - 
'paper that 'has equa£ spaces on it will serve. 

To do the ^experiment the student measures the length -of the chalk 
and pencil with each scale. Here, for example, is an illustration of.* 
how the chalk could be measured with 'a sheet of lined notebook paper. 




CHALK 



-. Figure L 4 

The studer.t lavs the ^halk on the paper _so that one end of* the/chalk 

is on a- line. He counts tire number of spaces completely spanned. 
•„ 

In- this case it is 9. He then estimates/ to the nearest tenth, the 

, " 7 

fraction of the final space covered. It is t- in this example. The 

measure 4 of the length^ oT the chalk is 9^ spaces. The student then - 

measures th'e pericil's Length with the same sheet of lined paper, j ( 

Suppose the length of the pencil is 22-^ spaces. ,T he ord^reB pai,r 

22^) is recorded -in the row labeled "notebook paper" in 

Table fi. > . a 



i EMC 



J 
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F £± Y\ Ct "4" Irs Yr\r\. q cil "y* 

xjGng ufi uiea&ux e 
of the chalk' 


ijeng uxi measure 
of the pencil 


x 

Ruler (inches) ' 


3 


7 


Ruler (centimeters) 

S \ V%. 


7.6 , 


17.8< 


Ruler (feet) J 
— — Y 






Ruler (meters) 






, ~ Notebook, paper 


' / 10 ' 


22 


Ordinary graph / , 
paper " 




i 


< : 4 

lllCi IliUlUC ucx, * 






* - 1 " 

Crossword puzzle 




ft A> 


Graduated cylinder 






^^es on a printed 
page m- 


if 


— ^- ^~ 


Bead chain (bath-tub 
stopper) 




' s) 



c 



Table 1 (Text)- 



Note.- the ratio 



pencil Xe,ngth 
chalk length 



^Scales with' small subdivisions, li^e a thermometer, will ^ive large 
measures. Scales with relatively large subdivisions like a rul^ cal- 
ibrated in inches, -will give small measures. .I&ery measurfSg scale 
will -yield an ordered pa^ir of chalk-pen?!}, length Measures whose ratio 

is approximately 2.3 • Hence, the graph o£ th^is function is a *set of 

*• * * 

points that form a straight line which includes the origin and whose 

slope is 2.J . ~ - * % * - 

1 ; . x ' 

To help convince the student that the line 'approaches (0,0), have 
him neasure the lergths in meters. The , numbers in* the paii> will be 
very small, approximately (.08,&.l8). This point will be almost indis- 
tinguishable f rom *zero on the student's graph. 



hat this 
No 



* * The main purpose o£ thita experiment is to reveal to the student 
kincl of relatipnhas a" straight line graph that approaches the origin 
further mathematical analysis is done on the graph. ^However, the student . 
shoufd save his data table and graph because they^ill be referred to, in 

future- w6rk. x * 

* ^ - ;■ . , 
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V: 



* The continuity of th£~cfia lk- pencil function is questione'd.' It is found 

" <* * 

to be continuous over the domain of aJJL positive real numbers. The graph is^ < 

i • *- 

a Tialf line in the first ^quadrant . * From the example given in this commentary, 
the slope of this half line is 2.3 . The origin is the point from which this 
>half -line starts but is not ^actual^ a point of the half line. 




pt o: 



Fi& re 2 



To emphasize the concept of continuity, an .example (2 X Vs) of a dis- 

* J continuous function is g*#en\^ In this*' case the domain is a subset of r the , 

positive integers. Although the points of the discrete function described 

~" here are colinear, we will riot' classify this as a linear function. We -will 

m 'reserve this title for 'functions which are/ continuous overcome interval of 

th^e real numbers and which are satisfied fcy' the relation y = mx + b . The 

.student also looks for other functions whose* graphs are straight lines which 
* • * 

/approach the origin: V • - 1 

f 1. . Inch and foot measures of various lengths/ 

a.2." Minute and second meas^ires of'various time intervals. 



Exercise 1 . 



« , !• Which of these graphs represents a "linear relation? 
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(a) Linear Fanction ' (b) Discrete Function ,(c) discrete Function/ 



'2, j. (a) * Supply the numbers ^ 
^ ' • missinjg~frora tBe table. 



(b} , jGraph the^eiata to see~4f the : - 
relation is^ linear.-- - , 



I 













B 










C 


10 










© 


'6o 










22 






F 


12.5 






1 


K 




/ 







Mi 






B 


A - 


* * 


'© 






10 


0 


* 


5 


0 




. 0 


© 






5 









7*5- 10 * 12. 5*, 



The following .graph, shows that,, 
the i unction ^ < LJjfear". 




* ^2 • Representing Lineax Functions by Sentences 

In *this section the. student learns that any linear function whose graph 
includes the origin 'can be^writterrt? a sentence of the form: m * 

Value of one* - Some , " Value of the ~- "* ; 
« ~ — * X * • • 

^ { ' t variable Number other ^variable 



'"Exercise 2 




1. >*Fill in* the«^s sing numbers: 



(a) Numberibf # f eet = 5,280 ' x Number. of* miles.' 
The_re are 15,8U$) ,f eet« in 3 miles, 

(b) Number of quarts ' X 'Number of 'gallons. 

* » * • « 7~ — * • 

There* §re'_32*** quart's in 8 gallons ' % ' 



(c) Number of hours = 2k X Number of Hays.- 

• 1 .'.•*' 

There a,re 6 ' hours *in ^of a day. 

. (d) Number of ounces =' 16 X Number of pounds. } 
'4$ ^ -w* ^ There are q320i ounces .in 20 pounds. * 

" zirc 



(e)£ piameter of a circle = 2 "" X Radius. 



. 2. Write the relation between: • / 

* (a-) Pounds measure and the corresponding ton_s_ measure , 7 

" k no. o^ 'pdunds = 2000 X no. *of tons 

• * 

. (b) Foot measure and the corresponding yard measure. 

< * - " ho.* of feet'= 3 x no,>Qf yards' . 



(c) Hours measure and „ the corresponding minutes measure. 

"no. : of minutes = 60 X'no. of hours . * 

(d) Cubic foot measure and the corresponding cubic yard measure. 

no. of cu. f t ^= 27 X no.* cu. yards 

(e) 'Year measure and correspcjncfi.ng day mfeasure. 
no. of .days = 365 Xtto. of years . 



.(f) Th 



circumference and ttie^ corresponding diameter of a circle* 
circumference = X diameter 



3. No. of feet = 3.28 X no. of meters. * 
%. No., of gallons = 7^ x'no.' of cu. ft . 



^•3 Functions of the Form:. 



y = mx 



f 



The third step in the sequence of ideas on the straight line approaching 
(.0)Q.) is to replace the vords.in the sentence representation by letters to 
Iget an equation- of the form * 

y = mx . 



For the linear relation: 

(a) If h = 3 hours, - m = 

(b) .^If h = | hour, *m = *30 

(c) If m ='300 minutes, h = 

(d) If m = 20. minutes, h = 



Exercise 3 

m = 60 ^ 

loO -minutes. 



minutes. 
g hours. 



A car averages 20 miles on a 
gal?on of gas. -An equation 
relating number of miles 
traveled 'to number of gallons 
of gas used is m = 20 g.» 



l/3 hours. 

3. Complete the ta^le using the 
v * 'linear relation: ^y = **x . 
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1 

2 


© 


■® 


12 


& 


'22 


2.5 


© 



'A 



\h» U.S. paper money is available in bills pf the following denominations: 
$ 1, $ 2, $ 5, $ 10, $ 2Q, $ 50, and $ 100-,. ^ s 

(a) Table shoMng equivalent (b) Graph of table given in part (a)* f)- 



number quarters— to 
each bill. j' 



Bil,Ls 


Quarters 


" ft 




$2 - 


8 


' -te . 


20 


$10 


; ho 


420 . 


' 80 


$50' 4 


200 


.$100 

* 





hOO 



300-. 



w 
u 

-P 

§ 200 



100 



50 75^00 

Bills/ 



V 



fc\ Uie graph is not continuous. , ' * - . 

(d) An equation relating the value of any bill in dollars and the 



^- ^equivalent humber of quarters \s 



4d 



h.k Slope 



We are now ready tC\ study, one p£ the important properties* of* a^ine 
ich correspond^ to the idea of the steepnesfe ^f inclination of a line.' 
e steepness of 3 stairway depends on jthe relationship between the r £ise 
and the run of a stepj \ 



AP =JRISE 
"PB'~ RUN 




Figure 3 



If one stairway has steps with a certain rise^and run and another stairway 0 
has. steps ^ with rise and run each twice as large, ia it dearr tfiat the steepness' 
of the two stairways is the same? In other words, a run of 2 with a rise of 1 
"^ive.s the same steepness as a. run of 4 'with a rise of 2 . v <' . 



* 



v Figure *k * 



The; steepness or pitch of these*stairway£ may be d^ef ined ^as-the number obtained 
by dividing the rise b^ the ruft, ^ iji e^therf case, j 



The concept of the slope -of a line isJjfesecUon the idea of a "rise divided 
?y ^ by run". If ve think of one step connecting two 'points P. (x. , y ) and 
i v ? ^ X Z> y 2^ " 9n 8 nonve5:tical line > then. the* rise is jyjp- y 1 | and the^run is 



1 

i'. • • .3 
f%\ l 
V' ■• « • " 4 


r " <• 

i * 


# 






'< ' '|x 2 - X]L | ^zS^ 






(x 2 ,y £ -) 


r* * *. . , * 






i' 


V 
( • / 


<T ) 

(xn,yJ 




* 

' / t ^ 


1 . < o 






i' ■ 




Figure 5 



,We could define^the slope of the segment P^Pg as rise divided %y run, i.e'.j 



y 2 " y l 



BUt^we do. not. The slope of a segment P^Pg 



is defined as 



y 2 " y \ 
X 2'$l 



2 1 

The formula without the absolute yalue i£ easier to handle, and it turns ou^ 

ta be~-fflOTe useful* 'Hie absalute-'xalue of the slope conveys only ,the magni- 

IJjde o£ the slope ^ The si|n*of the slope conveys- the -a del it ioTia]ricleB~of t -y-- 

"slopes up of down" as .Suggested iri Figure 6. * 



The concept of the slope. of a line isjjased^on the idea of a "rise divided 
t^ -* *>y run". If we think of one step connecting two "point's ^(x^ 7^) and 
^ ^ J Pg(x 2 ; y g ) j?n a nonvettical line, then. the' rise is |y^- yj and the^run is 



l\" % |x 2 - x x | 




• * i 



Figure 5 



.We could defjlne % the slope of the segment as rise divided %y run, i.e'.j 



y 2 " y l 



X 2 * *1 



BUtxwe do.. not. The slope of a segment P^P^ 



is defined as 



To 



The formula without the 4 absolute yalue i£ easier to hanaie, and it turns ou^ 

ta loermre useful* The absolutW-'xalue of the slope conveys only .the magni- 

IJtde o£ the slope The si^n'of the slope conveys- the 'ad4itidhalriaeia^af t ~t 

"slopes up or down" as Suggested iri Figure 6. 



(1,3) 



(M) . 

slope = ^j— = 3 
(slopes up) 



y . 



•(MP 



Figure 6 



slope = I^Jr « - - 
{slopes down) 



Starting with the concept of the slope of a segment , we now develop the 
concept of t,he slope of a line. Consider the line *AB* where A, = (l, 2) and 
B ,= (3, 5). Then *AB* - ( (x, yj : 



+ ^ and x is real} , 



Note that 



the slope of *A5* is \ ~ \ \ If we consider the coordinate of other 



points of AB sucn as ^a, g — J and {0, 



ment joining this point is 



3b + 1 3b * 1 
2 2 



3b + 1 



) the slope of the seg- 



Every nonvertical line has the property that all of its segments have < 
the same slope. Let c be any line such that = ( (x,y) : • y = mx + b for 
m ^ 0)A . T£en a point R of « this line has the coordinates (r, rm 4 + b) and a 
'point S has the coordinates (s, sm + b). Theslope of RS is ■ 



fern + b) - (rm + b) _ sm - 'rm 



« ( 



) 



This proves that all 



segments of a nonvertical' line have the same slope. We may therypilJpMihe 
following definition and theoreml - • 

T . ~ 1SEFINITI0N : "Th£ slope ^qf a nonvertical ILifie is equal to the ^ 
* s '* " ' f ' 

slope of any of its segments. ✓ « 

? ~ . • " {< ..T , ■ 

y 2 " y ,l ' ' 

THEOREM: The slope of a nonvertical line p is — , 

. * , . • X 2 " x l 

where 'P^P^ is any segment of'-p and (x^., V^f, 
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We now consider three possibilities for the s,lope of a line; it'is 
.positive, it is zero, or it i«s negative. Let P^x^ y^J and P 2 (x 2 , y 2 ) be , 
* two points' of a line/ We suppose that (the points are named so that P.- has 




f 6 



*the larger x-coordinate . 



* -Figure 7 r < 
'We disregard^ the possibility x^ x^ } since this 



would imply that is a .vertical* line an£-the slope of a vertical line-'' 

t is undefined-. That, is,, w«e say a vertical line has* no slQpe,* t t 

Possibility 1. The, slope is positive. Since we named points so that 



*2 > *1. 



aQ4 



y 2 o y x , 



it follows that/ xv> - x^ 



and y 0 



are* both posi- 



tive. „ This means that a^ a particle anov^sialong P-j^ 1 ? rom left to right 
(from the point with* x-coordina,*te x n to the point with x-jcoordinate, x 0 ), 
i/t is .gbing uphill. 



If x 2 <* 1 



and 



r 2 < y] _ 



then 



arid y 2 



y. are both negative,, 
l » . 



This means that P. is to the r^ght a*$d lip from • P 0 and the situation is un- 
changed, fience,, the" slope is a^so positive. . * 



This mea,ns * 



Possibility 2, The slope is zero. Then Jo 
' v ir^tu4t-ively that, as-,, a pant}cle t mpves- r alpng.the ^]?2* 4-% , is ^ving t % 

on "level ground". (Th-e'y-coordinates of all the, points of the line are 
the same.) „ ' , * , 1 



and 



Possibility 3» The slope is negative. Then one of the numbers, y^ - 
. * • i' 

x 2 " X l ' is PO^^ive and tne pther one is negative. Since. we nametf the 



•-points sto that x 0 > X- it follows that 



^2 " X l * s P°^^^ ve an ^ L 



y 2 " y l 



* is negative, that is, v 2\ < y l *i This means intuitively &(at, as a particle 
*)' moves along P^Pg frjjm left' to right, .it'is going downhill. ^ 



/ * 
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Exercise K 



" J 

Line A, m = 

Line B, m = 

Line C, ra = 



10' 



10 



20.- 10 

10 4 5 



•15 
20 



10 



;o -.5 

25 - 10 _ 15 



i2 - 2 
5 ' 2 



Line D, m = ^ _ j j = y = 5 - * 
Using (li, 90) and (2, 120) , 



m* = 



120.- 90 



30. 



2 -.li S i 



= 60 



If you were to graph the following 
equations, what would be the slopes 
of the lines? _ 
'(a) $m 3657 

m = 365 
.(b) ^o % l6p 

* K - 16 ^ 

(p) 3* 

m = 3 - ' 



Draw a line that has twice the 
slope of the line'shown on the 
graph. 'Draw anothe"r line with 
half the slope. '* 



5. 
20 



15 



10 



Find -the slopfe of this line. 



I i l_LLi ; 1 


i ! i i | i 1 








1 i • t 1 1 1 






" m -20^ _ ia _• , j 












" m = 5-0. = 5 - 3 j 
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7. 



12 3- , .5 

Graph the equation f y = 5x 

using the fact that the 

slope is 5. . ** 



^•5 Coat Hanger 'Experiment ' 

Students should do tHis experiment in groups of "four. 

The equipment needed for each group of four is as follows: 

1 pencir 0 - 

1 strip of Scotch or -masking tape . • 

1 coat hanger • 

2 jumbo* size (2" long) "paper clips 
1 centimeter ruler 

* 1 &§t of weights 



A critical part of the apparatus is the hook made from two pape'r clips. 
Two .clips are needed so that opposing pointers counter- balance each other 
•and give a true "zero" reading when there is no object hanging on them. 

The total load of '1000 gm causes the hanger to bend a- total of Between 
20 and 30 W 1 • ^ e ^ en( ^ is proportional to the load up to about ikOO gm . 
For" loads* greater than this the graph departs from its initial linearity. 
SinpVthis^ section is devoted to linear relations whose graphs include the 
origin, the coat 7 hanger load is restricted to a maximum of 1000 gm . 

r •• • "< . 

/ Exercise £ • ';' * • , 

1." .Suppose there i§ a linear relation between the amount a diving board 
j bends and the load on it. Then it would "be" like the coat hanger. 

(a) If the board bends down 1-5 inches when you (120 pounds) gel on • 
it, what would be the total bend when your friend, who also weighs 
°'. * ** 120 pounds, joins you,? 3 inches 

\. ^ (b) Suppose you exert a" force of 400 pounds on. the board when you 
-.0 • jump pn it. How much will i-t'bend? 5 inches 



2T. 



ifeite a data table and a graph of the linear function described in 
Problem 1. What is the slope <fcf this line? 



Load 


Bend 


i£o 


y 


koo 


.5 


800 


10 ■' 




3 


: 7oo^" 


2h0 



«10 

Xi 

o 



* 0 
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Load (pounds.)' * 



'-erjk: 



95 101 



1 



s^&ie sl6pe and the equation of each of these lines? ■ 
(5,20) 




Line C: 



Line D: 



5 - 3 



A' gas* station attendant could use the following graph -to figure out 
how much to^charge a customer for the gas he puts in his tank. 

* - (a) What is the ^lope 

of the lirfe? < - 

V^fr^ i 1 "l t' \ M \/ (i^kAb) • m s M ^ JtL = J. 

, , .15- -150 10 

(b) What is the cos^ of' 



O 



•1.50 



J — 






— 






-1 






















4 












































-i 














(15*4. 5C 














— ■ 


- 




















i 








*> 












— \ 
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4- 


| 














<7f 




1 








-4- 


r 
u- 








— j— 


r- 




1 f 



> | ; g. (gallons ) % 

*• Iv 



8 gallons of 'gas? 

(c) What is the cost a£ * 
. 6.5 gallons^ 

-v , 

(d) Write an equation* 'that 
could be used to»Tigure 
•gasoline bi^.ls. 



\ 



^(6 6raphing Linear Functions in General - Spring Experiment 
1 hook weight (lOp gram) „ 1 pencil ( unsharpened) 



2 book weights (200 gram) 
• • *■ 

,,1 hook weight *(500 gram,) 
' 1 spring 



1 roll 'Scotch tape * 
_1 fo6t*\ruler, with metri scale 

2 sheets of note paper* 



^ ftiis experiment investigates the relation between' th^ length of a spring* 
a,nd the load hanging on it. The relation is linear for a good sparing as long 
\^ as its maximum length does not exceed three»-itimes its unstretched length* 

Although it is a straight line the £ra*ph of the relation will not pass- through ' 
* (0,0) "because the spring' s" length is not zero when the load on.it is .zero. 



In the 'figure "to the right, 

the four lines each -have the 
"3. 

same- slopes The line through 

the "origin has* the equation 

y = 5* - ■ 

W^ite the equation of~each of 

the other three £ines. * 
* «- 

Line A:-<< y = 5x + 6 
Linear y ■= 5x + 15* 
Line 6: y = £x + 19 



Exercise' 6 ^ 

y 



35 

t 

. 5 

20 

5 
0 
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r~3 \ 




i , — 
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Use the accompanying figure' 
to fill in this chart <. 



Line 


m 


b' 


,y 


= mx + b 


<A 


' 1 


0 


y 


■*«• 


B 


. 1 

6~ 


3 

« 






C 


1 


2 




= -x +.2 , - 




2 


•&* 


* y 


= 2x + 6 



'The equation of a line is 
•^y '» 2x + 6 .\ 
Qraptrthiis line. 

y 




(1, 7)*, (3^19), (2, 10) 

and' (i, 3) are dtfthe line 
3 

y » fix + 1. 
a point of, ibis line. 



(|, k), is not 



I4..7 The Centigrade - Fahrenheit Experiment 

1 ^thermonfeter, Centigrade (-20° to 110°) ' 
' 1 thennometer > Fahrenheit (0° to 230°) 
1 No. 3,0 tin can (for liquids) J* « . 

ice. * 

- N . 

salct ' » 

••*••*** • * 

, "The experiment is begun by making. the sfx water baths of varying tempera- 
tures- mentioned in the text. Use at -least half a can of water for each bath 
so, that its temperature will not change excessively during the course of the 
experiment/ (Heat lqss'or gainWing the experiment - introduces po error vj • 
.since ahy*pair : of C-F readings is taken simultaneously. In fa"ct, temperature 
changes have the advantage of giving "different .students different data, yet 
they all get a slight Sraph^) ^.v ^ ^ . . 

The lowest' temperature that can be. obtained: by putting, salt with crushed 
^ce 'is "about -12 degrees Centigrade". . The amount of salt needed' to get down 
to this temperature depends on the "-volume nofMrtie mixture^- Twenty- heaping 
tablespoons should be sufficient fo'r half a can^of crushed ice.' 'More salt 
then needed will have no adverse effect.- • . • 

itore thar/six water ^Sg^S^SS^f^l^^ 
data". The temperature of the air _ in .the 'classroom provides- an ordered pair- 



that can be, entered invthe table. Be sure the thermometers are dry; Other- 
is ' • 

wise evaporation will pgpbably cool them unequally. 

Two^ procedures for getting the temperature readings suggest themselves: ' 

T (a) Students, in groups of * four, can move from container to container, 

carrying their thermometers with them, 
(b) The two thermometers can be left in each container and .t^e* students 
can form as many queues as there ar,e containers. 'Each si?udeMt reads 
» each pair of thermometers. A£ter any given pair of measurements, 
he moves to the rear of one of the other queues. 



Exercise 7 
2. 

h. 



1. b Slope of the C vs F £raph is 

m ~ 100 «- 0 r 100 " y. ' \ " 

3.. Using the results *of Problems 

1 a\id 2, equation F = mC + b * 

o 

becomes f = ~ C + 32 . 

5. PlcK the points found in Problem k 
Dr^the experimental graph. Bo 
they fall on the C vs F line? 

They certainly should. 



s^data in -the' 



(a) Plot the' 
s * table to *the right. 



1. 

i 
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u j — 1 


i ; 
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(b) 



(c) 



The y-intercept'Of the C vs F 
graph is 32. # Note (0, 32) . 

Use tttis equation to find F 
temperature that corresponds 
to given- C temperature. 



c • 


• F 


20 > 


. 68 


4 5 


113 


-5" • 


' 23' 


, 0 


32 



■I. 

-2 
■k 



3 
0 
-6 



\ 



Find the slope and y- intercept 
of '.the line. 

m = 3 

\,b = i 

Find the equation of *this line* 
y'= 3x + 6 
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. Sample Test Items 



-Part 

1. 
2. 

3- 
k. 

6. 
7. 



I: * Place the word, phrase or number in each blank which will make 
tne statement true? 

Number of yards = X Number -of miles. 

There are j yards in 2 miles. 

& 2 = - nickels. * / 

The eqUation, y = lOx, defines a f [ function. 

In the -graph of the equation, y = 5x + 3, the number $ tells 

the .of the graph. 

The slope- intercept form of the linear equation is . 

The equation, , graphs as a straight line which 

passes through the origin. J 

The ordered pair (5, J ) is a point of the line whose equation 

i 1 * " 

is y - - x - 5 . 

The line containing the points fe, 0) and (7j* 2) ttas a slope oi . 



10. 



jj; = 2 c + 3*2, then room temperature on the Fahrenheit scale 
is ^ when tne Centigrade reading is 25 . < 



Part II: Problems. 

» * % 1 

1 ^ Complete the table using tfce linear .relation y = 3* 



\ 



X 


y 


3 




1 




3 






. 12 


0 


4 


2 




0 


15 



10 G 

100 



2. The coordinates of. k points are given Ml, p) , B(k, 12), C(5,' 16), 
D(7, 2l). u Find the slope of each of tlje fo/Llowing lines'. 

Line AB m- 

Line AC m = * 

Line AD m = 



, Which set of 3 points all lie on thfe 

— * */ 

3. From the following graph, compute thV slope and intercept, and write' 
the equation for th£ linear fund tick/. 
. ^ Mr.. 



16 

12 

8 

6 

2 





r 































































































































2? 




4. Graph these pcruiWo/i graph paper and connect 'them with a straight line. 
Find^the slope, /the intercept and the equation of the line- ' , 



X 


/ y 


0 "J 


6 


1 / 


8 


2 A 


'•id 




12 


A 





m = 
b = 



7 ' v * JBgwfcmtm: 



/ 



5. *Fill in the' folloving table for each of the folloving sequenceVoT 
• * ordered pairs. 



(a) (0, 1), (1, 2), (2, 3), d, V> t*, 5) 

te} CO, o), (1,-1), (2, it), (3, 9), (^'i6>- 

(c) (o', 0), (3, 1), (^,,2), 6', 5), 8^ 

(d) (0/2), (2, 5 ), (6, w U)r (8, ^), e^,8) 
■(e) (0,>), < (9, k\, (loT», (12», (13, "0- 

(f) (3> D," (3, 2), (3/3), (3, >0,' (3, '5)' 

'X ■ ' 



Functions 
yes /no 


* Linear 
yes/no 


rlf >linear 
slope 
























r 








* \ 







Solutions for 
Sample T£st Items 



Part t** 

1. 1760 

2. 3520 
3'. to' 

k. linear 
5. slope 



r 



II 




. X 






© . 


1 


© 


h 


''. 12' 


0 


■, © - • 


2 


. © ; 


© 


15* 

*> 



6. y 

7. y 
8. 

'9- 

10. 



mx + b 
mx 



2, 



J* 

5 
1 

77 



Lin$ AB 
Line Ap 
Line ^AD 



12 


- 9 




- 3 


16 


- 9 


5 


- 3 


21 


- 9 


. 7 


- -3 



*'3 . 

= 1 
" 2 

= T - 3 



JPoinis^ A, B and £) all lie o^ 
the same straight line. ^ 



m 



16 - 8 8 , 
-THTI = 2 = ' 4 



Equation: y = kx 

m UP - 20 20 _ 
m = 6-2 = T = 5 

b'= 10 

"Equation: y = 5x + 10 



3 ' 



(a) 
(b). 

(d) 

*J 

(f) 



Function 
yes/no 


Linear 
yes /no 


If linear 
slope 




yes 


1 ' 


yes 


?ino . 




^ no 


no . 


t ^-r- 


1 f — 

' yes % 


yes 


> 3 
* 2 




yes* 


horizontal 
line 


* -no " 


yes 


vertical " 
iine^ 



m 14 - 10 , k » 
m = T^2" = 2 =^ 2 - 

b = 6 

.Equation: y = 2x*+ 6 



